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CHAPTER 1
Introduction
Topology is a branch of mathematics. Its goal is to study the shape of geometic
objects. One of the most famous conjecture in topology is called Poincare´ conjecture,
which states that:
Every simply connected, closed three-manifold is homeomorphic to three-sphere.
In 1961, Smale developed h-cobordism theory and used it to prove that the generalized
Poincare´ conjeture is true for higher-dimensional manifolds. The h-cobordism theory
relies on Whitney Trick, which works only for manifolds with dimension greater or
equal to five. Since then, low-dimensional topology, which focuses on the study of
manifolds with dimension less or equal to four, became an important part of the
topology studies.
1.1 Heegaard Floer homology and link Floer homology
Floer homology is an important tool for low-dimensional topology studies. It is actu-
ally an infinite dimensional version of Morse theory. It was first introduced by Andreas
Floer, in his proof of the Arnold conjecture. Heegaard Floer homology, as descendant
of Floer homology, was built using Gromov’s theory of pseudo-holomorphic disks in
symplectic geometry [Gro85] as a computable replacement of Seiberg-Witten Theory.
Any oriented closed three-manifold Y has a Heegaard decomposition Y = Uα ∪Σ
Uβ, which is a union of a pair of genus g handlebodies gluing along surface Σ. From
1
a Heegaard diagram, Ozsva´th and Szabo´ showed that that we can construct a sym-
plectic manifold Symg(Σg) together with a pair of langrangian submanifold Tα and
Tβ, which intersect transversely at finite number of points. After performing La-
garangian Floer theory to the triple (Symg(Σg),Tα,Tβ) , we get a three-manifold
invariant HF ◦(Y ) (see [OS04b]). Here HF ◦(Y ) can be HF+, HF−, HF∞, ĤF , each
of which representing a flavor of Heegaard Floer homology.
In [OS04b], Ozsva´th and Szabo´ also showed that the three-manifold invariant
HF ◦(Y ) can be decomposed with respect to the Spinc-structure of Y , i.e.
HF ◦(Y ) ∼=
⊕
s∈Spinc(Y )
HF ◦(Y, s)
The submoduleHF ◦(Y, s) has a relative Z/dZ-grading, where d = gcds∈H2(Y ;Z)〈c1(s), h〉.
When s is a torsion Spinc structure, the submoduleHF ◦(Y, s) has a relative Z-grading.
Knot Floer homology is a variation of Heegaard Floer homology, which was dis-
covered by Ozsva´th and Szabo´ [OS04a] and independently by Rassmussen [Ras03].
Later, it was generalized to link Floer homology in [OS08a]. By Morse theory, we
know that any knot or link in oriented closed three-manifold can be represented by
a multi-pointed Heegaard diagram. For an oriented knot or link, we divide the set of
basepoints into two subset w and z. We also require that the w and z basepoints ap-
pear alternatively on each component of the link. The Heegaard data (Σ,α,β,w, z)
inherit the data from the link: the n-tuple of basepoints w (or z resp.) give rise to
a relative grading grw (or grz resp.) on the chain complex; the w basepoints estab-
lish a relation between the generator of the Heegaard Floer chain complex and the
Spinc-structure of Y ; the difference grw − grz give rise to the collapsed Alexander
grading. Moreover, one can obtain Alexander multi-grading and multi-filtration from
the chain complex. From this chain complex, one can construct various flavors of
link Floer homology HFL◦(Y, L). There is also a version called unoriented link Floer
homology that is independent of the link orientation, see [OSS15a] and [OSS14].
2
Heegaard Floer homology and link Floer homology are computable. In [SW10],
Sarkar and Wang constructed a nice diagram method to compute the hat version of
Heegaard Floer differential combinatorially. Also, Manolescu, Ozsva´th and Sarkar
[MOS09] used grid diagrams to calculate all versions of Heegaard Floer homology for
knots and links in S3. This attempt later developed into grid homology, which helps
us calculate various kinds of numerical knot and link invariants from Heegaard Floer
homology.
Heegaard Floer homology and link Floer homology were proved to be powerful
and successful tools in low-dimensional toplogy studies: using surgery long exact se-
quences in Heegaard Floer homology, we can get a Dehn surgery characterization of
unknot, trefoil and figure-eight knot (see [KMO07], [OS05]); Heegaard Floer homol-
ogy also dectect the Thurston norm of three-manifold, and in particular, knot or link
complement (see [OS08b]); from link Floer homology and its variation, we can obtain
a lower bound, tau-invariant, for oriented four-ball genus of knot (see [OS03]); further-
more, using tau-invariant and grid diagram, Sarkar gave a combinatorial proof of the
Milnor’s conjecture in [Sar10], which states that the unknotting number of torus knot
Tp,q is
1
2
(p− 1)(q− 1); knot or link Floer homology also detects fiberedness of a knot
or a link (see [Ni07]); we can also extract several knot or link concordance invariants
from various flavors of Heegaard Floer homology. These invariants play important
roles in the study of concordance groups (see the survey in [Hom15]); in [HM17],
Hendricks and Manolescu contructed involutive Heegaard Floer homology as an ana-
logue to the Pin(2) - equivariant Seiberg-Witten Theory, which Manolescu used to
disprove the triangulation conjecture; based on involutive Heegaard Floer homology,
in [DHS18], Dai, Hom, Stoffregen and Truong, showed that there is a Z∞- (direct)
summand in the integer homology cobordism group Θ3Z.
3
1.2 Cobordism maps on link Floer homology
While searching for applications of link Floer Homology, a natural question arises:
whether an oriented (or unoriented resp.) link cobordism induces a map on link Floer
homology (or unoriented link Floer homology resp.).
In [Juh06], Juha´sz introduced sutured Floer Homology. Later he provided a way
to construct cobordism map for sutured manifolds, see [Juh14]. Juha´sz and Thurston
also proved the naturality of link Floer homology in [JT12]. In [Juh16], Juha´sz
showed that a decorated link cobordism induces a map on sutured Floer homology.
In [Zem16b], Zemke generalized the idea in [Sar15] and established a way to study
basepoints moving maps by using quasi-stabilization. Following Juha´sz’s framework,
in [Zem16a], Zemke constructed link cobordism maps on link Floer homology and
showed the invariance of this construction.
The objects of Zemke’s oriented link category consist of oriented pointed links
L = (~L,w, z), where ~L represents an oriented link in three-manifold, w, z are two
sets of basepoints on L. The morphisms are decorated link cobordisms (W,F σ) from
(Y 0,L0) to (Y 1,L1). Here W is a four-manifold with ∂W = −Y 0 ∪ Y 1, the symbol
F σ denote a surface with divides, which consists:
• a properly embedded oriented surface Σ in the four-manifold W , such that
∂Σ = ~L.
• a one-manifold A on Σ, such that each component of (Σ\A) contains only w
or z-basepoints of L0 and L1. The coloring map σ send a component of (Σ\A)
to w-color (or z-color resp.) if the component contains only w-basepoints (z-
basepoints).
See Figure 1.1 for an example of decorated link cobordism.
Zemke’s link cobordism map was on a general version of link Floer complex
4
Figure 1.1: Surface with divides: the black dots are w-basepoints, the white dots are
z-basepoints, the shaded region contains all w-basepoints, the white region contains
all z-basepoints, the dividing set A is part of the boudary of the shaded region.
CFL−(Y,L, s). The map also depends on the Spinc-structure s of the four-manifold
W :
FW,Fσ ,s : CFL−(Y 0,L0, s)→ CFL−(Y 1,L1, s)
The oriented link cobordism maps have some great applications to link cobordism.
For example, it can be used to distinguish slice disks, see [JZ18].
1.3 Main theorem
Juha´sz’s and Zemke’s works are for oriented link cobordisms. For unoriented link
cobordisms, in [OSS15a], Ozsva´th, Stipsicz and Szabo´ constructed maps on unori-
ented grid homology, which is the grid diagram version of unoriented link Floer ho-
mology. However, they did not prove the invariance of the maps. Inspired by these
works, we introduce a natural link cobordism notion and construct cobordism maps
on unoriented link Floer homology.
The link category we study is made of the disoriented links. The objects of this
category, disoriented links, are constructed as follows. Let L be a link (with no
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Figure 1.2: A disoriented link.
assigned orientation) in a closed oriented three-manifold Y . Suppose that p and q
are two sets of points which appear alternatively on each component of L. The set
L\(p ∪ q) consists of 2n-arcs l = {l1, · · · , l2n}, which we orient from q to p, where
n is the number of p points. A disoriented link is the quadruple L = (L,p,q, l).
The definition of disoriented links is inspired by the Morse function compatible with
L. An example of disoriented link is shown in Figure 1.2.
Let H = (Σ,α,β,O) be the pointed Heegaard diagram induced by a Morse func-
tion f compatible with L, where O is the basepoints set (Σ ∩ L). As in [OSS15a],
we can construct a δ-graded, unoriented link Floer chain complex CFL′(H) over the
ring F2[U ]. The differential ∂ acting on a generator x ∈ Tα ∩ Tβ is given by:
∂x =
∑
y∈Tα∩Tβ
∑
φ∈pi2(x,y),µ(φ)=1
#(M(φ)/R)UnO(φ)y,
where nO is equal to the sum
∑
oi∈O noi . The relative δ-grading between two gener-
ators x and y is given by
δ(x,y) = µ(φ)− nO(φ).
If the link L is homologically even, which means [L] = 2a, for some a ∈
H1(Y ;Z), then the δ-grading is a Z-grading. By tracking the proof of the natu-
rality of link Floer homology in [JT12], we know that the homology HFL′ of CFL′
is an invariant of the disoriented link L.
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Figure 1.3: A disoriented link cobordism from L0 to L1. The motion of p and q is
marked as blue curves.
A disoriented link cobordism W = (W ,F ,A) from L0 = (L0,p0,q0, l0) in Y 0
to L1 = (L1,p1,q1, l1) in Y 1 contains two groups of data:
(D1) The data of the link cobordism, denoted by (W ,F): The manifold W =
(W,∂W ) is a cobordism from Y 0 to Y 1. The surface F = (F, ∂F ) is embedded
in (W,∂W ) with its boundary ∂W identified with the links determined by L0
in Y 0 and L1 in Y 1.
(D2) The motion of the p and q pointsA = (A, ∂A): This is an oriented one-manifold
A = (A, ∂A) properly embedded in (F, ∂F ). The boundary ∂A identified with
the zero manifold q0 − p0 + p1 − q1.
An example of a disoriented link cobordism is shown in Figure 1.3. A similar con-
struction also appears in Khovanov homology, for details see Remark 2.1.7.
Similar to what is in [Zem16a], one can find a parametrized Kirby decomposition
of a disoriented link cobordism. However, when defining maps induced by a four-
dimensional two-handle attachment, we can not establish the correspondence between
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the Spinc-structure for the four-manifold and the equivlance class of triangles which
come from the Heegaard triple subordinate to the two-handle. For details, see Section
4.2.6.
To avoid this issue, we only consider surfaces inside Y × I and use the language
of ambient isotopy of surfaces in four-manifolds instead of handle decompositions of
the four-manifold. Our main result is the following:
Theorem 1.3.1. Suppose that the cobordism W is a product (Y × I, ∂(Y × I)). Let
W = (W ,F ,A) be a disoriented link cobordism from (Y,L0) to (Y,L1). Furthermore,
we require L0 (and hence L1 ) to be homologically even in H1(Y ;Z) . Then for a
torsion Spinc-structure s of Y × I, we can define a map:
FW,s : HFL
′(Y,L0, s|Y×{0})→ HFL′(Y,L1, s|Y×{1}),
which is an invariant of (W, s). Furthermore, the map FW,s satisfies the composition
law, i.e. if W = W1 ∪W2, where the disoriented link cobordisms W1 and W2 satisfy
the same conditions as W, then
FW2,s|W2 ◦ FW1,s|W1 = FW,s.
Note that a similar statement appears in [Zem16a, Theorem A,B] for arbitrary
oriented link cobordisms (not only for cylinders Y × I).
Remark 1.3.2. The requirement that the disoriented link L0 is homologically even is
equivalent to that [L0] is 0 ∈ H1(Y ;Z\2Z). If we have a disoriented link cobordism
from (Y,L0) to (Y,L1), then [L0] + [L1] = [∂F ] = 0 ∈ H1(Y ;Z\2Z). Hence L1 is also
homologically even.
In order to construct the cobordism map FW, we introduce another group of data
(D3) on the surface (F, ∂F ), which allows us to extract Heegaard data. In detail, the
data (D3) tracks the motion of basepoints: this is a one-manifold AΣ = (AΣ, ∂AΣ)
embeded in (F, ∂F ). The boundary ∂AΣ are basepoints O
0 in Y 0 and O1 in Y 1.
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Figure 1.4: Workflow of the construction: DLC (disoriented link cobordism), BLC
(bipartite link cobordism), BDLC (bipartite disoriented link cobordism); the data
(D1) is the link cobordism surface; the data (D2) is the motion of index zero/three
critical points; the data (D3) is the motion of basepoints.
Furthermore the one-manifold AΣ cut the surface F into two parts, Fα and Fβ, each
of which is a collection of surfaces (can be non-orientable) embeded in Y .
The workflow of our construction is shown in Figure 1.4.
Step 1: we lift the disoriented link cobordism (containing data (D1) and (D2)) to a
bipartite disoriented link cobordism (containing data (D1),(D2) and (D3)).
For the definition of bipartite disoriented link cobordism see Section 2.3.
This lifting is not unique, see Section 2.4.
Step 2: we construct cobordism maps for the bipartite disoriented link cobordism.
In fact, we extract Heegaard data from (D1)+(D3). The groups of data
(D1)+(D2) help us choose generators when defining maps induced by band
moves and quasi-stabilizations.
Step 3: we show that the cobordism maps defined in Step 2 are independent of
liftings (or the data (D3) in other words), at the level of HFL′.
9
Figure 1.5: Band move from trefoil to unknot.
1.4 The difference between unoriented cobordism and ori-
ented cobordism
For an oriented band move, the number of link components will be changed. On the
other hand, there is at least one pair of basepoints for each link component. Therefore,
we deduce that, for a pointed Heegaard triple subordinate to an oriented band move,
we need at least four basepoints on the Heegaard triple.
However, when the cobordism surface (F, ∂F ) is non-orientable, a band move may
not change the number of link components. Furthermore, there exists a two-pointed
Heegaard triple subordinate to an unoriented band move between two knots. One
example of such a cobordism is given below.
We consider a band move from the trefoil to the unknot shown in Figure 1.5. This
is an example of a band move of type I (see section 2.2 for the definition of type I and
type II band move). For the Heegaard triple subordinate to a type I band move, the
induced diagram Hβγ no longer represents an unlink, but it is still a homologically
even link in #n(S1 × S2). One can compare this fact for type I band moves with
the fact about oriented band moves in [Zem16a, Lemma 6.6]. To deal with the link
represented by Hβγ, it is necessary to build the unoriented link Floer homology theory
for homologically even links.
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1.5 Further development
As an application of the disoriented link cobordism theory, we will extend the invo-
lutive upsilon invariant defined by Hogancamp and Livingston [HL17] from knots to
links. Furthermore, we will study the relation between involutive upsilon invariant
and the unoriented four-ball genus for disoriented link cobordism. These discussions
will appear in an upcoming paper [Fan18].
Another question one can think about is the following:
Question 1.5.1. Suppose we have a disoriented link cobordism W = (W ,F ,A) from
(Y 0,L0) to (Y 1,L1). Here we no longer require the four-manifold W is cylindrical.
Given a torsion Spinc-structure s, can we still define a map FW,s : HFL
′(Y 0,L0, s|Y 0)→
HFL′(Y 1,L1, s|Y 1)? If so, can we get a δ-grading shifts formula for the map FW,s?
1.6 Organization
In Chapter 2, we introduce three unoriented link categories: disoriented links, bipar-
tite links and bipartite disoriented links. We will also discuss the relation between
the three categories. In Chapter 3, we will construct the Heegaard triple subordinate
to a band move of bipartite links. In Chapter 4, we will construct the bipartite link
Floer curved chain complex. We focus our discussions on Spinc-structure, admissibil-
ity and associativity. In the first part of Chapter 5, we will construct the cobordism
map for band moves of bipartite disoriented links on unoriented link Floer chain
complex. Particularly, we will compare our construction with the band move maps
defined by Ozsva´th, Stipsicz and Szabo´ in [OSS15a] and the version of cobordism
maps defined by Manolescu in [MOS07]. In the second part of Chapter 5, we define
the bipartite link cobordism maps induced by quasi-stabilizations/destabilizations.
In the third part of Chapter 5 we define the bipartite link cobordism maps induced
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by disk-stabilizations/destabilizations. In Chapter 6, we will prove some relations
between certain cobordism maps. In the first part of Chapter 7, we will prove the
main theorem (Theorem 1.3.1). In the end, we also provide a grading shifts formula
for link cobordism in S3 × I.
12
CHAPTER 2
Unoriented link categories
In this section we introduce three link categories: disoriented links, bipartite links,
and bipartite disoriented links.
2.1 Category 1: disoriented links
The idea of this category comes from the Morse theory for links. In a disoriented
link cobordism, we keep track of the motion of the index zero and index three critical
points of the disoriented links.
Definition 2.1.1. A disoriented link is a link L in a closed oriented three-manifold
Y , together with two sets of points p = {p1, · · · , pn} and q = {q1, · · · , qn} on L such
that pi and qj appear alternatively on each component of L. These points cut the
link L into 2n-arcs l = {l1, · · · , l2n}, which we orient from q to p such that:
∂l = ∂l1 + · · ·+ ∂l2n = 2(p1 + · · ·+ pn)− 2(q1 + · · ·+ qn).
We denote a disoriented link by L = (L,p,q, l). We call the points p and q the
dividing set of the disoriented link L. See Figure 1.2 for an example of disoriented
link.
Remark 2.1.2. The idea of disoriented link comes from the construction of a Morse
function f compatible with a given oriented link (Y, L). We think of L as a union of
trajectories l and forget the w markings and z markings (hence forget the orientation)
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of L. The points p play the role of index zero critical points of f . The points q play
the role of index three critical points of f .
Definition 2.1.3. A surface with divides is an embedding:
A : (A, ∂A) ↪→ (F, ∂F )
such that,
• The pair (A, ∂A) is a compact, oriented one-manifold.
• The pair (F, ∂F ) is a compact surface and does not need to be orientable.
• The components of F\A = {F1, · · · , Fk} are compact oriented surfaces with
orientation induced from the one-manifold (A, ∂A).
Remark 2.1.4. Our definition of surface with divides is a generalization of that is
in [Juh16]. In [Juh16], for an oriented link cobordism, the orientation of the surface
F induces the orientation on each piece Fi. For Fi with w basepoints, the orientation
agrees with the orienation induced by the oriented one manifold A. For Fi with z
basepoints, the orientation agrees with the opposite of the orienation induced by the
oriented one manifold A.
Definition 2.1.5. Suppose we have a disoriented link L0 = (L0,p0,q0, l0) in a closed
oriented three-manifold Y 0, and a disoriented link L1 = (L1,p1,q1, l1) in a closed
oriented three-manifold Y 1. A disoriented link cobordism from the disoriented
link (Y 0,L0) to (Y 1,L1) is a triple W = (W ,F ,A) such that:
• The pair W = (W,∂W ) is an oriented cobordism from Y 0 to Y 1.
• The map F : (F, ∂F )→ (W,∂W ) is a smooth embedding of surface (F, ∂F ).
• The embedding A : (A, ∂A) ↪→ (F, ∂F ) is a surface with divides.
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• The boundary ∂A is the union of points q0 − p0 + p1 − q1. Furthermore, the
intersection (∂A ∩ Y 0) is q0 − p0 and the intersection (∂A ∩ Y 1) is p1 − q1.
• The boundary ∂(F\A) = ∂F1 + · · · + ∂Fn is −l0 + l1 + 2A. Furthermore, the
intersection ∂(F\A) ∩ −Y 0 is −l0 and ∂(F\A) ∩ Y 1 is l1.
Remark 2.1.6. The orientation for the components of F\A is unique and determined
by the disoriented link L0 and L1. If F is orientable, then a disoriented link cobordism
is equivalent to the decorated link cobordism in [Juh09] and [Zem16a].
Remark 2.1.7. In [CMW09], Clark, Morrison and Walker introduced disorientation
in the link cobordism to make Khovanov homology functional with respect to link
cobordisms. The disoriented links in our definition correpond to a special case of
the ‘disoriented circle’ with the ‘disorientation number’ equal to zero, see [CMW09,
Lemma 4.4].
Example 2.1.8. In Figure 1.3, we show a disoriented link cobordism between two
disoriented link L0 and L1. The dividing set A (bold blue line) cuts the surface
F , which is non-orientable in this example, into three components F1, F2, F3. Each
surface Fi is an oriented surface with orientation compatible with the orientation of
A (marked as the blue arrow). In the three-manifold Y 1, the orientation of Fi agrees
with the orientation of the oriented arcs l1 in Y 1. In the three-manifold Y 0, the
orientation of Fi is the opposite of the orientation of l
0 in Y 0.
Definition 2.1.9. Suppose the four manifold W is a product Y × I. We call a
disoriented link cobordism (W ,F ,A) from (Y,L0) to (Y,L1) regular, if there exists
a projection map pi : Y × I → I such that:
• The map pi|F and pi|A is a Morse function.
• If a is a regular value for both pi|F and piA, then the triple (W ,F ,A)∩pi−1([0, a])
is a disoriented link cobordism from the disoriented link (Y,L0) to a disoriented
link (Y,La).
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• The index one critical points of pi|F do not lie on A.
• There is a sequence {a1, · · · , am} of regular values for both pi|F and pi|A such
that, there is only one critical points of pi|A or index one critical point of pi|F
with its value in (ai, ai+1).
Remark 2.1.10. The condition (2) in Definition 2.1.9 guarantees the index two/zero
critical points of pi|F is included in the index one/zero critical points of pi|A.
We can decompose a regular cobordism into a composition of four types of ele-
mentary disoriented link cobordisms:
1. Isotopy of disoriented links.
2. Band move (saddle move) of disoriented link.
3. Disk-stabilization/destabilization of disoriented link.
4. Quasi-stabilization/destabilization of disoriented link.
Remark 2.1.11. By definition, it is easy to see:
1. An isotopy contains no critical points of pi|F or pi|A.
2. A band move contains an index one critical point of pi|F .
3. A disk stabilization/destabilization contains an index two/zero critical point of
pi|F .
4. A quasi-stabilization/destabilization contains an index one/zero critical points
of pi|A.
16
Figure 2.1: Four types of elementary cobordism.
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Figure 2.2: Bipartite link
2.2 Category 2: bipartite links
In a bipartite link cobordism, we keep track of the motion of the basepoints of the
links.
Definition 2.2.1. A bipartite link is a link L in a closed oriented three-manifold Y ,
together with 2n-basepoints O = {o1, · · · , o2n} and two n-tuples of disjoint embedded
arcs Lα = {Lα,1, · · · , Lα,n} and Lβ = {Lβ,1, · · · , Lβ,n} on L, such that:
• The ends ∂Lα = ∂(Lα,1∪· · ·∪Lα,n) are identified with the ends ∂Lβ = ∂(Lβ,1∪
· · · ∪ Lβ,n). Furthermore, the ends ∂Lα = ∂Lβ are exactly the basepoints O on
L.
• The union of the two n-tuples of arcs Lα ∪ Lβ is the link L.
We denote a bipartite link by Lαβ = (L,Lα, Lβ,O). See Figure 2.2 for an example of
bipartite link.
Remark 2.2.2. Let Uα ∪Σ Uβ be a Heegaard splitting of a three-manifold Y . Here
Uα and Uβ are two handlebodies, Σ is a Heegaard surface. Suppose L is a link in Y
and intersects Σ transversely. Moreover, suppose the intersections of L and Uα (or
Uβ resp.) bound compressing disks to Σ. The 2n-basepoints O play the role of the
intersections L∩Σ. The n-tuple of disjoint embedded arcs Lα (or Lβ resp.) play the
18
role of the intersection Uα ∩L (or Uβ ∩L resp.). We do not color the basepoints into
w’s and z’s.
Definition 2.2.3. A bipartite link cobordism from a bipartite link L0αβ in Y
0 to
a bipartite link L1αβ in Y
1 is a quintuple (W ,F , Fα, Fβ,AΣ), such that:
• The manifold W = (W,∂W ) is an oriented cobordism from three-manifold Y 0
to Y 1.
• The map F : (F, ∂F )→ (W,∂W ) is an embedding of a compact surface (F, ∂F )
in (W,∂W ).
• The mapAΣ : (AΣ, ∂AΣ)→ (F, ∂F ) is an embedding of a one-manifold (AΣ, ∂AΣ)
in (F, ∂F ).
• The surface F is decomposed along AΣ into two compact surfaces Fα and Fβ.
One side of AΣ on F is belong to the interior of Fα, the other side is belong to
the interior of Fβ.
• The bipartite link (Y i, Li, Liα, Liβ,Oi) is identified with (Y i, Y i ∩ ∂Fα, Y i ∩
∂Fβ, Y
i ∩ AΣ), where i = 0, 1.
Example 2.2.4. Figure 2.3 shows a bipartite link cobordism from a bipartite link
L0αβ to a bipartite link L
1
αβ. The red curves forming AΣ cut the surface F into four
components. Two of the components are belong to Fα, the other two are belong to
Fβ. One of the component of Fα is non-orientable.
We say that a bipartite link cobordism (W ,F , Fα, Fβ,AΣ) is regular, if it satisfies
the same condition as in Definition 2.1.9 with AΣ plays the role of A and bipartite
links Liαβ play the role of disoriented links Li. Similarly, we can still classify the
elementary bipartite link cobordisms into four types: isotopies, band moves, disk-
stabilizations/destabilizations, quasi-stabilizations/destabilizations.
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Figure 2.3: Bipartite link cobordism
Furthermore, we say that a critical point p of pi|AΣ or a saddle point of pi|F is of
α-type if (Np\p) ∩ pi|−1F (pi(p)) ⊂ Fα, otherwise; we say that the critical point p is of
β-type. Here Np is a small neighborhood of p in W .
Suppose pi−1[−a, a] contains only a saddle critical point p. Without loss of gener-
ality, suppose p lies in a component F iα of Fα. We call p of Type I, if χ(F
i
α ∩ pi−1[c−
, c+ ]) = 0. If χ(F iα∩pi−1[c− , c+ ]) = 1, we call p of Type II, as shown in Figure
2.4.
Remark 2.2.5. Here, the surface Fα and Fβ may have some orientable components
and non-orientable components. Consequently, the one-manifold AΣ has no canonical
orientation. Notice that the bipartite link cobordism is different from the decorated
link cobordism [Juh09].
2.3 Category 3: bipartite disoriented links
Bipartite disoriented links combine the data from bipartite links and disoriented
links. In a bipartite disoriented link cobordism, we keep track of the motion of
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Figure 2.4: Two types of band moves
Figure 2.5: Bipartite disoriented link.
index zero/three critical points and the basepoints.
Definition 2.3.1. A bipartite disoriented link (L,O) is a disoriented link L =
(L,p,q, l) together with a set of basepoints O, consisting of a unique basepoint oi
on the interior of each oriented arc li ∈ l. See Figure 2.5 for an example of bipartite
disoriented link.
Remark 2.3.2. A bipartite disoriented link (L,O) determines a bipartite link as fol-
lows. The basepoints O = {o1, · · · , o2n} cut the link L into 2n-arcs. Let Lα be
the collection of arcs which contain p-points and Lβ be the collection of arcs which
contain q-points. Then Lαβ = (L,Lα, Lβ,O) is a bipartite link.
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Definition 2.3.3. A bipartite disoriented link cobordism from bipartite disori-
ented link (L0,O0) in Y 0 to (L1,O1) in Y 1 is a sextuple W = (W ,F , Fα, Fβ,A,AΣ)
such that:
• The triple (W ,F ,A) is a disoriented link cobordism from the disoriented link
(Y 0,L0) to (Y 1,L1).
• The quintuple (W ,F , Fα, Fβ,AΣ) is a bipartite link cobordism from bipartite
link (Y 0, L0αβ) to (Y
1, L1αβ). Here L
i
αβ is the bipartite link determined by the
bipartite disoriented link (Li,Oi), i = 0, 1.
• The intersection Fα ∩ Y0 is a union of arcs containing all the p points.
• The intersection Fβ ∩ Y0 is a union of arcs containing all the q points.
Furthermore, if W = Y × I, we call a bipartite disoriented link cobordism W =
(W ,F , Fα, Fβ,A,AΣ) regular, if it satisfies the following condition:
• The triple (W ,F ,A) and the quintuple (W ,F , Fα, Fβ,AΣ) are regular.
• The critical points of pi|A are exactly the critical points of pi|AΣ .
• The one-manifold A intersect AΣ transversely. The intersection points A ∩ AΣ
are exactly the critical points of pi|A
Example 2.3.4. Figure 2.6 shows an example of a bipartite disoriented link cobor-
dism (W ,F , Fα, Fβ,A,AΣ). The blue curves with arrows are the components of
oriented one-manifold A. The red curves without orientation are the components of
AΣ. Clearly, the triple (W ,F ,A) is the disoriented link cobordism shown in Figure
1.3. The quintuple (W ,F , Fα, Fβ,AΣ) is the bipartite link cobordism shown in Figure
2.3.
If a decorated disoriented link cobordism is regular, we can decompose it into
four types of elementary cobordism as regular disoriented link cobordisms. Suppose
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Figure 2.6: Bipartite disoriented link cobordism.
(W ,F , Fα, Fβ,A,AΣ) is elementary. Furthermore, as we have defined the α-type and
β-type of the critical points of pi|A or saddle points of pi|F , we have the following:
• If the elementary cobordism contains a saddle point p of pi|F in Fα, we call this
elementary cobordism an α-band move (or α-saddle move), otherwise we call
it a β-band move (or β-saddle move). See Figure 2.7.
• If the elementary cobordism contains a critical point p of pi|F and satisfies
(Np\p)∩pi|−1F (pi(p)) ⊂ Fα, we call it an α-quasi-stabilization/destabilization.
Here Np is a small neighborhood of p in W . If the critical point p of piAΣ satisfy-
ing (Np\p)∩pi|−1F (pi(p)) ⊂ Fβ, we call it a β-quasi-stabilization/destabilization.
See Figure 2.8.
Remark 2.3.5. We can also classify band moves of bipartite disoriented link into Type
I or Type II.
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Figure 2.7: Two types of band move.
Figure 2.8: Two types of quasi-stabilization
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2.4 Coloring and the relations between the three link cate-
gories
Definition 2.4.1. Let Lαβ be a bipartite link. A coloring of basepoints is a map
P : O = {o1, · · · , o2n} → {±1},
such that the cardinality |P−1(+1)| is equal to |P−1(−1)|. Furthermore, we say that
a coloring is alternating, if and only if, for any pairs of adjacent basepoints (o, o′),
the coloring P(o) is equal to −P(o′).
Let w = {w1, · · · , wn} be the set P−1(+1), z = {z1, · · · , zn} be the set P−1(−1).
We denote a bipartite link together with a coloring P by (Lαβ,P).
Remark 2.4.2. Given a bipartite link Lαβ, there exists 2
|L| different alternating color-
ings, where |L| is the number of link components of L. Given a bipartite link together
with a alternating coloring, we can orient the arcs Lα from z to w, and the arcs Lβ
from w to z. This assignment gives rise to a oriented link LP.
For convenience, we denote by CDL the category of disoriented links, by CBL the
category of bipartite links, and by CBDL the category of bipartite disoriented links.
The relations of the three categories are shown below.
CBDL
FB
{{
FD
##
CDL
GB
BB
CBL
GD
\\
Let W be a bipartite disoriented link cobordism from bipartite disoriented link L0
to L1.
• The forgetful functor FB removes the basepoints on Li and the one-manifold
AΣ on W .
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• The forgetful functor FD removes the p and q points on Li and the oriented one-
manifold A on W . By definition 2.3.3, FD send W to a bipartite link cobordism
(W , F, Fα, Fβ,AΣ) from L0αβ = FD(L0) to L1αβ = FD(L1).
The dotted arrow GB and GD are not functors, but represent the processes of
lifting objects and morphisms between the repective category. The processes depend
on some choices, as detailed below.
For a disoriented link, GB add one basepoint to each of the oriented arcs l =
l1, · · · , l2n. To lift a disoriented link cobordism W, we perturb W to regular positoin
and decompose W into a composition of elementary cobordisms. Among the four
types of elementary cobordisms, we are particularly interested in quasi-stabilizatios
and band moves. For isotopies and disk-stabilizations/destabilizations, the lifting is
unique. A band move or quasi-stabilization/destabilization of disoriented links can
be lifted to a bipartite disoriented link cobordism of either α-type or β-type. See
Figure 2.9 (a) for the lifting of band move, and Figure 2.9 (b) for the lifting of quasi-
stabilization.
For a bipartite link, GD add one p-point to each component of Lα and one q-point
to each component of Lβ. To lift a bipartite link cobordism, we also perturb it to a
regular positoin decompose it into elementary cobordisms. Similarly, the lifting for
isotopies and disk-stabilization/destablization is unique. A type-I band move has a
unique way to be lifted, as shown in Figure 2.10 (a); a type-II band move has two
ways to be lifted, as shown in Figure 2.10 (b); a quasi-stabilization/destabilization
has two ways to be lifted, as shown in Figure 2.10 (c).
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Figure 2.9: GB-Lift disoriented link cobordism.
Figure 2.10: GD-Lift bipartite link cobordism
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CHAPTER 3
Heegaard diagrams for elementary bipartite link
cobordisms
3.1 Heegaard diagrams for bipartite links
In this subsection we asssociate a Heegaard diagram to a bipartite link as follows.
Let Lαβ = (L,Lα, Lβ,O) be a bipartite link in a closed oriented three-manifold
Y , where Lα = {Lα,1, · · · , Lα,n}, Lβ = {Lβ,1, · · · , Lβ,n}, O = {o1, · · · , o2n}. We say
that a Heegaard Diagram Hαβ = (Σ,α,β,O) is compatible with (Y, Lαβ), if:
• The surface Σ is closed, oriented and embedded in Y . The genus of Σ is g. The
collection of curves α is a (g+n− 1)-tuple {α1, · · · , αg+n−1}. The collection of
curves β is a (g + n− 1)-tuple {β1, · · · , βg+n−1}.
• The three-manifold Y is reprensented by (Σ,α,β), such that
Y = Σg ∪ (
g+n−1⋃
i=1
Dαi) ∪ (
n⋃
k=1
Bα,k)
∪ (
g+n−1⋃
j=1
Dβj) ∪ (
n⋃
l=1
Bβ,l).
Here Dαi (or Dβj resp.) is a closed embedded disk with boundary identified with
αi (or βj resp.) on Σ, and Bα,k (or Bβ,l resp.) is a closed three-ball embedded
in Y .
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• The pair (Lα,k, ∂Lα,k) (or (Lβ,l, ∂Lβ,l) resp.) is unknotted embedded in (Bα,k,Σ∩
∂Bα,k)(or (Bβ,l,Σ ∩ ∂Bβ,l) resp.) for k = 1, · · · , n ( or l = 1, · · · , n resp.).
For convenience, we denote by Uα the handlebody Σg∪(
⋃g+n−1
i=1 Dαi)∪(
⋃n
k=1 Bα,k)
and by Uβ the handlebody Σg ∪ (
⋃g+n−1
j=1 Dβj)∪ (
⋃n
l=1Bβ,l). We say that the diagram
(Σ,α,O) is compatible with the triple (Uα, Lα,O), and the diagram (Σ,β,O) is
compatible with the triple (Uβ, Lβ,O).
3.2 Heegaard triple subordinate to band moves
In this section, we will relate bipartite link band moves to Heegaard triples. We focus
our discussion on β-band moves. Similar results hold for α-band moves.
In [Zem16a, Definition 6.2], Zemke defines a Heegaard triple subordinate to an
oriented band moves. Building on his work, in this subsection, we will construct a
standard Heegaard Triple T subordinate to a band move Bβ from a bipartite link
(L,Lα, Lβ,O) to (L(B
β), Lα, Lβ(B
β),O). Similar results hold for α-band move.
Let Bβ : [−,+] × [−1, 1] → Y be a band embedded in Y with two ends
Bβ([−,+]× {±1}) attached on Lβ, such that:
• The intersection Bβ([−,+]× [−1, 1])∩L is the ends of the band Bβ([−,+]×
{±1}).
• The union Lβ(Bβ) = (Lβ\Bβ([−,+] × {±1})) ∪ Bβ({±} × [−1, 1]) is still a
collection of arcs with boundary identified with O.
Then the quadruple (L(Bβ), Lα, Lβ(B
β),O) is still a a bipartite link in Y , where
L(Bβ) is the link Lα ∪ Lβ(Bβ).
Definition 3.2.1. We say that a Heegaard triple T = (Σ,α,β,γ,O) is subor-
dinate to a β-band move from a bipartite link Lαβ = (L,Lα, Lβ,O) to Lαγ =
(L(Bβ), Lα, Lβ(B
β),O), if it satisfies:
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Figure 3.1: Local picture of Hβγ
• The Heegaard diagram Hαβ = (Σ,α,β,O) is compatible with the bipartite link
(Y, Lαβ).
• The Heegaard diagram Hαγ = (Σ,α,γ,O) is compatible with the bipartite link
(Y, Lαγ).
Suppose the collection of curves α, (or β, γ resp.) has n-components, we say
that the Heegaard Triple subordinate to a β-band move is standard if it satisfies
the following:
• The curves γ1, · · · , γn−1 are small Hamiltonian isotopies away from any base-
points of β1, · · · , βn−1, with geometric intersection number |βi ∩ γj| = 2δij.
• The curve γn is a Hamiltonian isotopy of βn with intersection number |βn∩γn| =
2.
• There exists a disk region D ⊂ Σ contains two basepoints o and o′ such that
D ∩ (β ∪ γ) = D ∩ (βn ∪ γn) and |D ∩ βn ∩ γn| = 2. An example is shown in
Figure 3.1.
Theorem 3.2.2. Let (W ,F , Fα, Fβ,AΣ) be a β-band move from a bipartite link
(L,Lα, Lβ,O) to a bipartite link (L(B
β), Lα, Lβ(B
β),O). Here both bipartite link are
in same three-manifold Y . Starting from a Heegaard diagram Hαβ of (Y, L, Lα, Lβ,O),
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Figure 3.2: Local picture of the Heegaard triple subordinate to a β-band move.
after a sequence of stabilization/destabilization and handleslides without crossing any
basepoints, we can construct a Heegaard diagram H ′αβ = (Σ
′,α′,β′,O) compatible with
(L,Lα, Lβ,O) together a disk region D on Σ
′, such that the local diagram D ∩H ′αβ is
shown in either of the two top figures in Figure 3.2.
Furthermore, after a Hamiltonian perturbation of βn across two basepoints o and
o′, and small Hamiltonian perturbation of β1, · · · , βn−1 without crossing any base-
points, we can get a standard Heegaard triple T subordinate to the β-band move, as
shown in either of the two bottom figures in Figure 3.2.
Proof. The idea of the proof is to implant the data of the band Bβ into a Heegaard
Diagram compatible with the bipartite link Lαβ = (L,Lα, Lβ,O).
We lift the bipartite link (Y, Lαβ) to a bipartite disoriented link (Y,L,O). Let f
be a Morse function compatible with (Y,L,O), such that its corresponding Heegaard
diagram is Hαβ. Then we have a Heegaard decomposition Uα∪ΣUβ of Y with respect
to f . Without loss of generality, we assume the band Bβ lies in the β-handlebody Uβ
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Figure 3.3: Projection of the core of a band.
and the ends of Bβ lies in two oriented arc l ∈ l and l′ ∈ l marked with o and o′. Then
we lift the bipartite link cobordism (W ,F , Fα, Fβ,AΣ) to a bipartite disoriented link
cobordism (W ,F , Fα, Fβ,A,AΣ).
Step1: Transversality assumption. Let co,o′ be the core of the β-band B
β. After
a small perturbation of f , we can assume the core co,o′ of the β-band B
β intersects
the unstable manifolds of f transversely. Particularly, co,o′ does not go through the
critical points of f .
Now, we project the core co,o′ along the gradient flow of f to the Heegaard surface
Σ. The projection image lo,o′ on Σ is a path connecting o, o
′. By the transversality
assumption, the path lw,z intersects α, β-curves transversely on Σ. Furthermore, the
path lo,o′ only has regular self-intersection points, and the interior of lo,o′ does not go
through any basepoints. See Figure 3.3.
Step 2: Resolving the self-intersection of the path lo,o′ . Suppose p is a self-
intersection of lo,o′ . We can find a disk neighborhood Dp of p such that Dp ∩ (O ∪
α ∪ β) = ∅. Let φt be the diffeomorphism induced by the flow −∇f . There is an
embedded solid cylinder Cp = D× [0, ]→ Uβ given by Cp(d, t) = φt(d). By choosing
a big enough parameter , we can assume the pair (Cp, Cp ∩ co,o′) is shown in Figure
3.4.
Now we modify the Morse function f inside the solid cylinder Cp by adding a pair
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Figure 3.4: Resolve a self-intersection of the projection of the core.
of index one and index two critical point. In other words, this is doing a stabilization
of H inside the solid cylinder C shown in Figure 3.4.
By resolving all self-intersections of lo,o′ , we will get a new Morse function f
′
and a corresponding balanced Heegaard diagram H ′. If we projects the core co,o′
along the gradient flow of the modified function f ′ on Σ, the projection image has no
self-intersections.
Step 3: Framing of the band. By the transversality assumption, the gradient
−∇f |co,o′ induces a framing of the core co,o′ . Heegaard Floer homology and integer
surgeries on links. On the other hand the embedding of the β-band Bβ also induces a
framing of the core. These two framings differed by n± 1
2
. In other words, consider the
solid cylinder neighborhood of co,o′ , if we identify the ends of the two neighborhood
by the gradient framing, then the band will twist along the core of the solid torus by
(n± 1
2
)× 2pi.
Suppose c′o,o′ is a small perturbation of co,o′ as shown in Figure 3.5. The gradient
framing of c′o,o′ and co,o′ is differed by ±1. If we resolve the self-intersection of the
projection image l′o,o′ as in Step 2, the gradient framing of c
′
o,o′ does not change.
Therefore, by modifying the Morse function f as in Step 2, we can modify the gradient
framing of co,o′ . Now we can assume that the difference between the gradient framing
and band framing is ±1
2
.
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Figure 3.5: Change the framing of a core.
Figure 3.6: Isotopies of α and β curves.
Step 4: Heegaard triple for band moves. After resolving all self-intersections of
lo,o′ , we can find a rectangle neighborhood R : [−, ]×I → Σ of lo,o′ , shown in Figure
3.6 such that:
• The image R(0, I) = lo,o′ and R(0, 0) = o, R(0, 1) = o′.
• The intersection (α∪β)∩R = [−, ]×{t0, · · · , tm}, where 0 < t0, · · · , tm < 1.
After α or β- isotopies as shown in Figure 3.6, we can assume, the intersection
α ∩R = [−, ]× {t0, · · · , ts} and β ∩R = [−, ]× {ts+1 · · · , tm}. Then we stabilize
the diagram as shown in Figure 3.7. Finally, by an α or β isotopy, we get a diagram
shown in Figure 3.8 . The desired disk region is chosen to be the disk contains the two
basepoint o and o′ and one intersection of α and β. The two intersections determines
two disk region.
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Figure 3.7: Local stabilizations.
Figure 3.8: A local isotopy.
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Now we assume the α and β curves in Figure 3.8 are αn and βn. Let the curve γn
be a Hamiltonian perturbation of βn as shown in Figure 3.2. We set γ1, · · · , γn−1 to
be a small Hamiltonian perturbation of β1, · · · , βn−1 without across any basepoints.
Therefore, we construct a Heegaard Triple T . Clearly, the choice the disk determines
whether the result link is L(Bβ) or L(Bβ±1). Here B
β
±1 refers to the β-band which has
the same core as Bβ but ±1-framing with respect to the framing of Bβ.
Lemma 3.2.3. Any two Heegaard triples T1 and T2 subordinate to a Bβ-band move
can be connected by the following type of Heegaard moves:
• Ambient isotopies of Σ which fix L ∪Bβ.
• Isotopies and handle slides amongst α,β,γ-curves without crossing any base-
points.
• Stabilization or destabilization of a standard Heegaard Triple on torus. Here a
standard Heegaard triple on torus has only one α, one β and one γ-curve, with
α intersecting β and γ once, and γ is a small Hamiltonian isotopy of β with
intersection number |γ ∩ β| = 2.
Proof. We stabilize the two Heegaard diagram sufficiently many times, then move
the critical points of the three Morse functions compatible with the three pairs
(Uα, Lα),(Uβ, Lβ) and (Uγ, Lγ) without changing the gradient-like flow in a small
neighborhood of Lα, Lβ, Lγ.
Lemma 3.2.4. Suppose T is a Heegaard triple subordinate to a Bβ-band move from
bipartite link Lαβ to Lαγ. Then the induced Heegaard diagram Hβγ is a diagram for
a bipartite link Lβγ in #
g(S1 × S2). In fact, we have
(#g(S1 × S2), Lβγ) =

(#g(S1 × S2), K)#(S3,Un−12 ), if Bβ is of Type I.
(#g(S1 × S2),U4)#(S3,Un−22 ), if Bβ is of Type II.
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Figure 3.9: Links in #n(S1 × S2) generated by Type I band move
Figure 3.10: Links in #(S1 × S2) generated by Type II band move
Here K is a bipartite knot with two basepoint in #g(S1 × S2). The homology [K]
of the bipartite knot K is equal to (0, · · · , 0, 2) in H1(#g(S1 × S2)). The bipartite
link Ul2k is the bipartite unlink with l-components and 2k-basepoints on each of these
components.
Proof. Without loss of generality, we assume that the band Bβ is next to a pair of
basepoints (o1, o2). By Theorem 3.2.2, we get a Heegaard diagram, as shown in Figure
3.9 (or Figure 3.10 resp.) if Bβ is of Type I (or Type II resp.). The result follows
directly from these two Heegaard diagrams.
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CHAPTER 4
Heegaard Floer homology for unoriented links
4.1 Unoriented link Floer homology
In this subsection, we recall the definition of unoriented link Floer homology from
[OSS15a].
Let ~L be an oriented link in S3, and w, z be two sets of basepoints, such that w
and z-basepoints appear alternatively on each component of ~L. We denote by L =
(~L,w, z) the oriented pointed link. By Morse theory, we have a balanced Heegaard
diagram H = (Σ,α,β,w, z) represent it. Here Σ is a genus g closed surface, the set
w (or z resp.) contains n-basepoints, the set of curves α (or β resp.) has g + n− 1
components.
For a Heegaard state x ∈ Tα ∩ Tβ ⊆ Symg+n−1(Σ) we have three maps from
Tα ∩ Tβ to Z :
• the Maslov grading M(x),
• the Alexander grading A(x),
• the δ-grading δ(x) = M(x)− A(x).
The unoriented link Floer chain complex CFL′(H), is a F2[U ]-module generated
by x ∈ Tα∩Tβ. We extend the δ-grading map to the module by set δ(U ·x) = δ(x)−1.
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The differential of the chain complex is defined as the following:
∂x =
∑
y∈Tα∩Tβ
∑
φ∈pi2(x,y),
µ(φ)=1
#(M(φ)/R)Unw(φ)+nz(φ)y,
where φ is a holomorphic disk in class pi2(x,y) with Maslov index µ(φ) = 1, the sum
nw(φ) =
∑
nwi(φ) and the sum nz(φ) =
∑
nzi(φ).
From [OSS15a, Theorem 2.2], we know that the absolutely graded F2[U ]-module
H∗(CFL′(H)) = HFL′(L) is an invariant of the oriented pointed link L in S3.
4.2 Bipartite link Floer homology
In this section, we construct the bipartite link Floer homology for homologically even
bipartite links.
4.2.1 Bipartite link Floer curved chain complex for null-homologous links
In this subsection, we construct a well-defined Z-graded curved chain complex for a
null homologous biparitite link Lαβ in a closed oriented three-manifold Y .
Suppose Hαβ is a Heegaard diagram for the bipartite link Lαβ. Let Jt be a generic
family of almost complex structures on Σ. We denote by Hαβ the Heegaard data
(Hαβ, Jt). Now we can define a F2[U1, · · · , U2n]-module CFBL−(Hαβ), together with
an endomorphism ∂ as follows:
• The module CFBL−(Hαβ) is freely generated by the intersections of the two
Lagrangians Tα and Tβ in the symplectic manifold Symg+n−1(Σ).
• The endomorphism ∂ acting on a generator x ∈ Tα ∩ Tβ is given by:
∂x =
∑
y∈Tα∩Tβ
∑
φ∈pi2(x,y),µ(φ)=1
#(M(φ)/R)
2n∏
i=1
U
noi (φ)
i y.
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Here g is the genus of the Heegaard surface Σ, 2n is the number of basepoints on the
bipartite link Lαβ.
Given an alternating coloring P of Lαβ, we can define a map from the set of
generators of CFBL−(Hαβ) to the set of Spinc-structure of Y as in [OS04b, Section
2.6]. In detail, we set our Spinc-structure map sP(x) to be sw(x), where w is the subset
P−1(+1) of basepoints. If P′ is another alternating coloring of Lαβ, the difference
between the two maps sP and sP′ is:
sP(x)− sP′(x) = 1
2
(PD[LP]− PD[LP′ ]). (4.1)
Here LP and LP′ are the oriented links determined by the bipartite link Lαβ and
the coloring P and P′ respectively in Remark 2.4.2. As we assume Lαβ in Y is
null-homologous, the difference sP(x) − sP′(x) is zero. Therefore, we have a map
sδ = sP : Tα ∩ Tβ → Spinc(Y ), which is independent of the choice of alternating
coloring P of Lαβ. For the details of Spin
c-structure map, see [OS04b, Section 2.6]
and [OS08a, Section 3.3]. The module CFBL−(Hαβ) now splits into a direct sum:
CFBL−(Hαβ) =
⊕
s∈Spinc(Y )
CFBL−(Hαβ, s),
where CFBL−(Hαβ, s) consists of generators x whose image under sδ is equal to s.
From now on, we assume s is a torsion Spinc-structure of Y . The diagram Hαβ is
weakly s-admissible, then we can get finite counts of moduli spaces. We will discuss
admissibility in Section 4.2.3.
Based on the work in [OSS15a], we have a relative δ-grading for CFBL−(Hαβ, s)
as follows. Let x and y be two generators in CFBL−(Hαβ, s) with pi2(x,y) being
non-empty. The relative δ-grading between x and y is given by
δ(x,y) = µ(φ)− nO(φ), (4.2)
where nO denotes the sum
∑2n
i=1 noi(φ), and φ is an element in pi2(x,y). Notice
that there is a pair of basepoints (o, o′) on each component of Σ\α or Σ\β. Using
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Lipshitz’s formula [Lip06, Corollary 4.3], we know that the Maslov index µ(P) of
a periodic domain P is equal to nO(P). This implies that the relative δ-grading is
well-defined. Now we can set the δ-grading of the variable Ui to be −1 and extend
the relative δ-grading to the submodule CFBL−(Hαβ, s). Moreover, as the Spinc-
structure s is torsion, the δ-grading is actually a Z-grading on CFBL−(Hαβ, s).
As a corollary of [Zem16b, Lemma 2.1], we have
∂2 =
∑
i
(Ui,1Ui,2 + Ui,2Ui,3 + · · ·+ Ui,kiUi,1).
Here i refers the i-th component Li of L, the variable Ui,j is the variable assigned to
the basepoint oi,j. The basepoints oi,j appear in order on the link component Li.
By the above discussion, we know that the F2[U1, · · · , U2n]-module CFBL−(Hαβ, s)
together with the endomorphism ∂ and the δ-grading is a well-defined Z-graded curved
chain complex.
Remark 4.2.1. Given an alternating coloring P of Lαβ, we can get the curved chain
complex CFL−UV (Hαβ) defined by Zemke in [Zem16b] from CFBL−(Hαβ) by setting
the variable of z-basepoints to be Vi’s. Furthermore, the average of the two gradings
grw and grz gives the δ-grading on the curved chain complex CFL
−
UV . The curved
chain complex CFBL−(Hαβ) together with a coloring P has the same amount of
data as CFL−UV (Hαβ).
4.2.2 Spinc-structures
In this section, we will discuss the relation between the Spinc-structures of Y and a
Spinc-structure map induced by homologically even bipartite links.
Consider the Heegaard diagram Hβγ of a bipartite link Lβγ induced from a stan-
dard Heegaard triple T subordinate to a β-band move of type I as in Lemma 3.2.4
and Figure 3.9. Notice that Lβγ is not null-homologous. Let P be an alternating
coloring of Lβγ. Then all the generators in Tβ ∩ Tγ belong to the same equivalence
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class s. We have the following equality for the Spinc structure map sP:
sP(x)− s0 = s0 − s−P(x) = ±PD[βn], (4.3)
where s0 is the only torsion Spin
c-structure on #n(S1×S2). The grading grP (or gr−P)
on the equivalence class s is a Z2-grading, which can not be lifted to a Z-grading.
Therefore, it is necessary to find a sufficient condition for which the δ-grading on the
equivalence class s is a Z-grading.
Definition 4.2.2. We say that a bipartite link Lαβ is homologically even, if the
homology class [LP] ∈ H1(Y ) is divisible by two, where P is an alternating coloring
of Lβγ.
Lemma 4.2.3. Let Lβγ be a homologically even bipartite link in a closed oriented
three-manifold Y . Then, the map sδ : Tα ∩ Tβ → Spinc(Y ) defined by
sδ(x) , sP(x)− 1
2
PD[LP], (4.4)
is independent the choice of P. Furthermore, if x and y are two generators in Tα∩Tβ
with pi2(x,y) being non-empty, then sδ(x) = sδ(y). Therefore, we have the following
decomposition
CFBL−(Hαβ) =
⊕
s∈Spinc(Y )
CFBL−(Hαβ, s),
where CFBL−(Hαβ, s) consists of generators x with sδ(x) = s.
Proof. Let P′ be another alternating coloring of Lβγ. By Equation 4.1, the difference
between the two Spinc-structure sP(x)− sP′(x) = PD[LPP′ ]. Here the link LPP′ is a
sublink of LP consists of components Li of L with P(Li) = −P′(Li). On the other
hand, by the construction in Remark 2.4.2, we have 2PD[LPP′ ] = PD[LP]−PD[LP′ ].
Combining this two equalities, we get that the Spinc-structure map sP(x)− 12PD[LP]
is equal to sP′(x)− 12PD[LP′ ].
If pi2(x,y) is non-empty, we get sP(x) = sP(y). Therefore the map sδ sends the
equivalence classes of generators in Tβ ∩ Tγ to the Spinc-structures of Y .
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From now on, we assume all the bipartite link we discuss satisfies the same con-
dition in Lemma 4.2.3, i.e. its homology class is divisible by two.
4.2.3 Admissibility
Although one can assign an alternating coloring to a bipartite link and define the
admissibility with respect to the w-basepoints. This admissibility with respect to
w-basepoints can not help us define a Z-graded complex for some null-homologous
links in #g(S1 × S2). In this subsection, we will introduce the admissibility with
respect to Spinc-structure map sδ.
Definition 4.2.4. Suppose s is a Spinc-structure over Y , we say that a Heegaard
diagram Hαβ = (Σ,α,β,O) is s-realized, if there is a point x ∈ Tα ∩ Tβ and a
n-tuple of points q on Σ\(α ∪ β), such that:
sδ(x) = sq(x) = s.
Furthermore, we say that an s-realized Heegaard diagramHαβ isweakly s-admissible
(or strongly s-admissible resp.), if the diagram (Σ,α,β,q) is weakly s-admissible
(or strongly s-admissible resp.).
Lemma 4.2.5. Given a bipartite link Lβγ in a closed three-manifold Y , together
with a fixed Spinc-structure s, we can construct a weakly s-admissible (or strongly
s-admissible resp.) Heegaard diagram Hβγ compatible with the pair (Y, Lβγ).
Proof. This follows directly from the proof of [OS04b, Lemma 5.2] and the proof
of [OS04b, Lemma 5.4]. Here, we require the finger moves of β and γ curves do not
across the basepoints O.
Lemma 4.2.6. Any two weakly s-admissible (or strongly s-admissible resp.) Hee-
gaard diagram Hβγ compatible with the pair (Y, Lβγ) can be connected by a sequence
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of Heegaard moves without crossing basepoints O. Furthermore, each intermediate
Heegaard diagram is weakly s-admissible (or strongly s-admissible resp.).
Proof. This follows from the proof of [OS04b, Lemma 5.6]. See also [OS08a, Section
3.4], and [JT12]. Again, we require the Heegaard moves do not across basepoints
O.
4.2.4 Unoriented link Floer chain complex for homologically even links
in three-manifolds
The unoriented link Floer chain complex CFL′ and link Floer homology HFL′ are
defined for links in S3, see Section 4.1 and [OSS15a]. We can actually extend this
definition to any homologically even links in three-manifolds.
Recall that for unoriented link Floer chain complex, we assign all basepoints a
common variable U , and that for CFBL−, we assign each basepoint a variable Ui.
We construct a tensor product:
CFBL−(H, s)⊗F2[U1,··· ,U2n] F2[U ],
where Ui · x = Ux for x in F2[U ]. The map ∂ on CFBL−(H, s) can be extended to
CFL′(H, s) and becomes a differential (by [Zem16b, Lemma 2.1]). In case of Y = S3,
the F2[U ]-module CFBL−(H)⊗F2[U1,··· ,U2n] F2[U ], is exactly the unoriented link Floer
chain complex CFL′(H). Inspired by these facts, we have the following definition.
Definition 4.2.7. Given an admissible Heegaard data for a bipartite link Lαβ in
Y together with a Spinc-structure s. The unoriented link Floer chain com-
plex CFL′(H, s) is a δ-graded F2[U ]-module CFBL−(H, s) ⊗F2[U1,··· ,U2n] F2[U ] to-
gether with differential induced from CFBL−(H, s). By the invariance of the curved
chain complex CFBL−(Y, Lαβ, s), the homology H∗(CFL′(H, s)) = HFL′(Y, Lαβ, s)
is an invariant of the bipartite link (Y, Lαβ, s). We call the δ-graded F2[U ]-module
HFL′(Y, Lαβ, s) the unoriented link Floer homology of the triple (Y, Lαβ, s).
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Remark 4.2.8. Note that a disoriented link L in Y can be lifted to a biparitite disori-
ented link (L,O). The definition of unoriented link Floer chain complex CFL′ and
unoriented link FLoer homology HFL′ can also be extended to bipartite disoriented
link (L,O), and disoriented link L.
4.2.5 The curved chain complex CFBL− for bipartite links in #g(S1× S2)
Lemma 4.2.9. Let the Heegaard data Hβγ for the bipartite link Lβγ be weakly s-
admissible. Here s is a torsion Spinc-structure of Y . Then the curved chain complex
CFBL−(Hβγ, s) is a well-defined Z-graded curved chain complex, with grading defined
as in Equation 4.2.
Proof. Let x,y be two generators in CFBL−(Hβγ, s). We want to show the grading:
δ(x,y) = µ(φ)− nO(φ)
is well-defined. It suffice to show the following equality:
µ(ψ) = nO(ψ)
holds for every class ψ ∈ pi2(x,x) of Hαβ. Because s is torsion, we have a relative
Z-grading:
grq(x,y) = µ(φ)− 2nq(φ),
where φ is a class in pi2(x,y). Its Maslov index of ψ ∈ pi2(x,x) is
µ(ψ) = 2nq(ψ). (4.5)
Given an alternating coloring P of Lβγ, we denote by w = {w1, · · · , wn} the
n-tuple of basepoints satisfying P(wi) = 1 and by z = {z1, · · · , zn} the n-tuple of
basepoints satisfying P(zi) = −1. By [OS04b, Lemma 2.18], we have the following
equalities:
nw(ψ)− nq(ψ) = 〈H(ψ), a∗〉 = nq(ψ)− nz(ψ). (4.6)
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Here, H(ψ) ∈ H2(Y ;Z) is the homology class belonging to the periodic class, a∗ is
a cohomology class in H1(Y ) determined by the relative position between w and q.
Combining the Equation 4.5 and Equation 4.6, we have Maslov grading
µ(ψ) = 2nq(ψ) = nw(ψ) + nz(ψ) = nO(ψ).
This implies the relative δ-grading which is defined by
δ(x,y) = µ(φ)− nO(φ)
is a Z-grading on CFBL−(Hβγ, s).
Moreover, as nO(ψ) = 2nq(ψ), the finiteness of counting follows from the admis-
sibility with respect to q.
Applying the above results to the bipartite links in #g(S1 × S2), we have the
following.
Corollary 4.2.10. Suppose T is a Heegaard triple subordinate to a β-band move Bβ,
and Hβγ is the induced Heegaard diagram for bipartite link Lβγ in #
g(S1 × S2). Let
s0 be the unique torsion Spin
c-structure of #g(S1 × S2). Then, the δ-graded curved
chain complex CFBL−(Hαβ, s0) is a Z-graded curved chain complex. Furthermore,
the span of the top grading generators in HFL′(Hαβ, s0) is a two-dimensional vector
space.
Proof. By Lemma 3.2.4, the Heegaard diagram Hβγ is a diagram for the bipartite link
(#g(S1×S2), K)#(S3,Un−12 ) if Bβ is of type I, and for (#g(S1×S2),U4)#(S3,Un−22 ))
if Bβ is of type II . Here n is the number of α-circles on T , K is a knot with homology
equal to twice of the dual of βn. In either of these two cases, the homology class [LP]
for an alternating coloring P of the bipartite link Lβγ is divisible by two. Applying
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Lemma 4.2.9, we get that the δ-grading for curved chain complex CFBL−(Hαβ, s0)
is a Z-grading.
Without loss of generality, suppose T is a standard Heegaard triple subordinate to
the band move Bβ from Lαβ to Lαγ. By Theorem 3.2.2, as T is standard, the curves
γ1, · · · , γn−1 are a small Hamiltonian isotopies of β1, · · · , βn−1 without crossing any
basepoints. The curve γn, which is a Hamiltonian isotopy of βn crossing basepoints,
intersect β-circles at two points (See Figure 3.9 and Figure 3.10). Therefore, we have
2n generators for the module CFBL−(Hβγ, s0). Clearly, there are two top grading
generators in the kernel of ∂ for CFL′(Hβγ, s0).
4.2.6 Holomorphic triangles
Recall from [OS04b, Section 8] that, given a Heegaard triple T , we can classify the
homotopy classes of Whitney triangles as follows. Suppose ψ ∈ pi2(x,y,v) and ψ′ ∈
pi2(x
′,y′,v′) are two Whitney triangles. We say that ψ and ψ′ are equivalent, if there
exists classes φ1 ∈ pi2(x,x′) and φ2 ∈ pi2(y,y′) and φ3 ∈ pi2(v,v′), such that:
ψ′ = ψ + φ1 + φ2 + φ3.
We denoted by Sαβγ(T ) the set of equivalence classes of the Whitney triangles of T .
Suppose q is a n-tuple of basepoints on T , such that the induced n-pointed di-
agrams Hαβ, Hβγ and Hαγ are well-defined pointed Heegaard diagrams for pointed
closed oriented three-manifolds Yαβ, Yβγ and Yαγ . By [OS04b, Proposition 8.5], we
have a one-to-one map:
sq : Sαβγ(T )→ Spinc(Xαβγ).
Here Xαβγ is an oriented four-manifold constructed from the Heegaard triple T , whose
boundary ∂Xαβγ is the union of three-manifolds −Yαβ unionsq −Yβγ unionsq Yαγ.
Suppose the Heegaard triple T is subordinate to a band move from a bipartite
link (Y, Lαβ) to (Y, Lαγ). The three-manifold Yαβ and Yαγ are diffeomorphic to Y ,
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the three-manifold Yβγ is diffeomorphic to #
n(S1 × S2) and the four-manifold Xαβγ
is actually (Y × I)\N(Uβ × {12}).
Notice that, we can always construct an almost complex structure over Y × I.
Choices of almost complex structure estabilish a one-to-one correspondence between
the Spinc-structure of Y × I and H2(Y × I;Z) ∼= H2(Y ;Z). For a Spinc-structure
s on Y × I, its restriction sαβ on Yαβ is equal to sαγ on Yαγ, and its restriction sβγ
should be s0 on #
g(S1 × S2). Conversely, we claim that a Spinc-structure s on Yαβ
and Yαγ, together with the unique Spin
c-structure s0 on #
g(S1×S2), can be uniquely
extended to a Spinc-structure sαβγ on Xαβγ. Otherwise, we suppose s
1
αβγ and s
2
αβγ
are two possible extensions. As siαβγ restricted on #
g(S1 × S2) is s0, we can further
extend siαβγ to a Spin
c-structure s˜iαβγ over Y × I. By previous disscussion, we know
s˜1αβγ and s˜
2
αβγ have the same restriction on Yαβ and Yαγ. This implies s˜
1
αβγ − s˜2αβγ is
0 ∈ H2(Y × I). Hence the difference s1αβγ − s2αβγ is 0 ∈ H2(Xαβγ).
Definition 4.2.11. We suppose that the Heegaard triple T is a 2n-pointed Heegaard
triple subordinate to a band move from (Y, Lαβ) to (Y, Lαγ). We also fix a Spin
c-
structure sαβγ over Xαβγ which comes from the restriction of a Spin
c-structure over
Y × I, we say that the Heegaard triple T is s-realized, if there exists points x ∈
Tα ∩ Tβ, θ ∈ Tβ ∩ Tγ and y ∈ Tα ∩ Tγ and a n-tuple of points q ∈ Σ\(α ∪ β), such
that:
• there is a unique point qi in each component of Σ\α and Σ\β,
• the map sq(x) = sδ(x) = sαβ, where sαβ is the restriction of sαβγ on the bound-
ary three-manifold Yαβ.
• the map sq(θ) = sδ(θ) = sαβ, where sβγ is the restriction of sαβγ on the bound-
ary three-manifold Yβγ.
• the map sq(y) = sδ(y) = sβγ, where sαγ is the restriction of sαβγ on the bound-
ary three-manifold Yαγ.
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Furthermore, we say that an s-realized Heegaard triple T = (Σ,α,β,γ,O) is weakly
s-admissible (or strongly s-admissible resp.), if the pointed Heegaard triple
(Σ,α,β,γ,q) is weakly s-admissible (or strongly s-admissible resp.).
Remark 4.2.12. If T is s-realized, we claim that there is a unique class [∆] ∈ Sαβγ
of trianlges with sq([∆]) = sαβγ for some n-tuple of points q satisfying the condition
in Definition 4.2.11. Otherwise, we suppose there is another class [∆]′ in Sαβγ with
sq′([∆]
′) = sαβγ. We know that sq′([∆]′) and sq([∆]′) has the same restriction on
boundary and can be extend to a Spinc-structure over Y ×I. Hence we have sq([∆]′) =
sαβγ. As the map sq is one-to-one, we get [∆] = [∆]
′.
If the Heegaard triple T is subordinate to a four-dimensional two-handle attach-
ment, one may not find a well-defined map. Recall that if (F, ∂F ) is orientable, we can
choose sw or sz as the one-to-one map from Sαβγ to Spin
c(Xαβγ). If (F, ∂F ) is non-
orientable, we have no cannonical choice of n-tuple of basepoints q on Σ. The choice
of q may affects the map sq, i.e. in some cases, there exist q and q
′, both of which
satisfy the condition in Definition 4.2.11, but sq 6= sq′ . If this happens, we will not
know which class of triangle in Sαβγ should be associated to certain Spin
c-structure
s.
In light of the proof in [OS04b, Lemma 5.2], by finger moves of α,β and γ curves
along their dual curves on Σ without crossing the basepoints O, we can isotope a
Heegaard triple T subordinate to a band move to a weakly s-admissible (or strongly
s-admissible resp.) Heegaard triple, where s is a Spinc-structure for Y × I.
Lemma 4.2.13. Let T be a strongly s-admissible Heegaard triple subordinate to a
band move from (Y, Lαβ) to (Y, Lαγ). If s is torsion, we have a triangle chain map:
fαβγ : CFL
′(Hαβ, sαβ)⊗ CFL′(Hβγ, s0)→ CFL′(Hαγ, sαγ)
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whose restriction on generators are defined by:
fαβγ(x⊗ θ; s) ,
∑
y∈Tα∩Tγ
∑
{ψ∈pi2(x,θ,y)|µ(ψ)=0,sq(ψ)=s}
(#M(ψ))UnO(ψ)y. (4.7)
Here q is n-tuple of points being used to define s-admissibility in Definition 4.2.11.
Proof. Let ψ, ψ′ ∈ pi2(x,θ,y), then the difference
ψ − ψ′ = φαβ + φβγ + φαγ,
where φαβ is a class in pi2(x,x), φβγ is a class in pi2(θ,θ), φαγ is a class in pi2(y,y).
As in the proof of Lemma 4.2.9, we have three equalities, nO(φαβ) = 2nq(φαβ),
nO(φβγ) = 2nq(φβγ), and nO(φαγ) = 2nq(φαγ), the finiteness of counting follows from
the strongly s-admissibility for diagram Tq = (Σ,α,β,γ,q).
Furthermore, by tracking the proof of [OS04b, Theorem 8.16], we have CFL′ flavor
of associativity as described below.
Lemma 4.2.14. Given a strongly S-admissible Heegaard quadruple (Σ,α,β,γ, δ,O)
with induced Heegaard triples Tαβγ and Tαγδ satisfying the same condition in Lemma
4.2.13, then we have the following equality
∑
s∈S
Fαγδ(Fαβγ(θαβ ⊗ θβγ; sαβγ)⊗ θγδ; sαγδ)
=
∑
s∈S
Fαβδ(θαβ ⊗ Fβγδ(θβγ ⊗ θγδ; sβγδ); sαβδ).
Here θαβ, θβγ and θγδ lie in HFL
′(Yαβ), HFL′(Yβγ) and HFL′(Yγδ) respectively, and
S is a δH1(Yβγ) + δH
1(Yαγ) orbit of a fixed Spin
c-structure over Xαβγδ.
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CHAPTER 5
Unoriented link cobordism maps
5.1 Band moves and triangle maps
5.1.1 Assumptions
In this section, we assume that the bipartite link cobordisms or bipartite disoriented
link cobordisms satisfy the following conditions:
• The four-manifold W is a product Y × I.
• The inclusion F : (F, ∂F )→ (W,∂W ) induces a trivial map F∗ : H2(F, ∂F )→
H1(W,∂W ). Consequently, the bipartite links in the boundary three-manifolds
are null-homologous.
Lemma 5.1.1. Given a β-band move Bβ from bipartite link Lαβ in Y to a bipartite
link Lαγ in Y , there exists a strongly s-admissible Heegaard triple (or standard Hee-
gaard triple) subordinate this band move Bβ. Here s is a Spinc-structure over Xαβγ
such that the restriction sαβ on Yαβ ∼= Y is equal to its restriction on Yαγ ∼= Y .
Proof. Recall that in the final step of the construction of standard Heegaard triple
in Theorem 3.2.2, we can do finger moves for the diagram H ′αβ without crossing the
basepoints O and away from the disk neighborhood D, such that the diagram Hαβ is
strongly s-admissible. Then the result follows.
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As a corollary of Lemma 3.2.3 and [OS04b, Proposition 7.2], we have the following
lemma.
Lemma 5.1.2. Suppose T1 and T2 are two strongly s-admissible Heegaard triples
subordinate to the same band move Bβ from a bipartite link Lαβ to a bipartite link
Lαγ. Then these two triples can be connected by a sequence moves in Lemma 3.2.3 ,
such that in each intermediate step, Heegaard triple is strongly s-admissible.
Suppose the bipartite disoriented link cobordism (W ,F , Fα, Fβ,A,AΣ) is a Bβ-
band move next to basepoints (oi, oj) (cf. Figure 5.1). From the discussion in Section
2.4, we know that it determines a unique bipartite link cobordism (W ,F , Fα, Fβ,AΣ).
By Theorem 3.2.2, there exists a Heegaard triple T subordinate to this bipartite
link cobordism. As the bipartite link Lαβ and Lαγ in Yαβ ∼= Y and Yαγ ∼= Y
are null-homologous, we can associate them with two Z-graded curved chain com-
plex CFBL−(Hαβ, s) and CFBL−(Hαγ, s) respectively, where s is a torsion Spinc-
structure of Y . For the bipartite link Lβγ in Yβγ ∼= #n(S1× S2), by Corollary 4.2.10,
we have also has a Z-graded curved chain complex CFBL−(Hβγ, s0).
5.1.2 Distinguishing the top grading generators
Let Bβ be a band move from bipartite link Lαβ to Lαγ. If the surface (F, ∂F ) is ori-
entable, for the diagram (Σ,β,γ,w, z), the top δ-grading generators of CFL′(Hβγ, s0)
can be distinguished by using grw and grz. Clearly, the choice of generators depends
on the coloring data. See [Zem16a, Section 6] for details.
Generically, as the surface (F, ∂F ) can be non-orientable, we do not have grw or
grz-grading. Therefore we need extra data to distinguish the top grading generators
in the homology HFL′(Hβγ, s0). Actually, the extra data we need are included in A.
In fact, the band Bβ can either be next to a pair of basepoints (oi, oj) or the other
pair (oi′ , oj′) (See Figure 5.1). Here, we denoted a β-band by B
β,oi,oj if it is next to
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Figure 5.1: Two band moves near different basepoints
the pair of basepoints (oi, oj).
Recall that, for the construction of Heegaard triple in Theorem 3.2.2, we set the
band Bβ being next to a pair of basepoints (oi, oj) of Lαβ. If B
β is of type II, we can
choose the other pair (oi′ , oj′) and construct a triple T ′. Then both of the triples T
are subordinate to the band move Bβ, and can be connected by Heegaard moves in
Lemma 3.2.3.
Lemma 5.1.3. Given a band move Bβoi,oj of a bipartite disoriented link and a strongly
s-admissible Heegaard triple T subordinate to it, there is a chain complex CFL′oi,oj(Hβγ, s0),
such that the top δ-grading F2-submodule of its homology is one-dimensional..
Proof. We define the module
CFL′oi,oj(Hβγ, s0) = CFBL(Hβγ, s0)⊗F2[U1,··· ,U2n] F2[U,U1, · · · , U2n]/I,
where I is an ideal generated by (U − Uk), k 6= i, j. By [Zem16a, Lemma 2.1], the
endomorphism ∂ is a differential. Without loss of generality, if the triple is standard,
we have
∂θ = (Ui + Uj)θ
′
∂θ′ = 0,
where θ and θ′ are two top grading generators of CFL′oi,oj(Hβγ, s0) or CFBL′oi,oj(Hβγ, s0).
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Let θoi,oj be the generator θ in the proof of Lemma 5.1.2. We have the following
theorem.
Theorem 5.1.4. Given a Bβ-band move next to a pair of basepoints (oi, oj) of a
bipartite disoriented link Lαβ in Y , and a torsion Spin
c-structure s of Y , we can
construct a Z-filtered chain map
σoi,oj : CFL′(Y, Lαβ, s)→ CFL′(Y, Lαγ, s),
which is well-defined up to Z-filtered chain homotopy. This construction is indepen-
dent of the choices of Heegaard triples. Therefore, it gives rise to a map on homology:
σ
oi,oj∗ : HFL′(Y, Lαβ, s)→ HFL′(Y, Lαγ, s),
which is an invariant of this bipartite disoriented link cobordism.
Proof. We define the chain map σoi,oj : CFL′(Hαβ, s)→ CFL′(Hαγ, s) by
σoi,oj = fαβγ(x⊗ θoi,oj ; sαβγ).
Here θoi,oj is the generator defined in the proof of Lemma 5.1.3, and the Spinc-
structure sαβγ restricts on Y and on #
g(S1 × S2) are s and s0 respectively.
Similar to the proof of [Juh16, Theorem 6.9], using the associativity which we
proved in Lemma 4.2.14, the map σoi,oj is well-defined up to δ-filtered chain homotopy,
i.e. it is independent of the choices of Heegaard triple T . Thus, it gives rise to a
homomorphism on homology level.
5.1.3 The relation of generators
Suppose Bβ,oi,oj is a band move from bipartite disoriented link (L0,O) to bipartite
disoriented link (L1,O). Then there exists an inverse band move (Bβ,oi,oj)−1 from
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Figure 5.2: Composition of Bβ,oi,oj and its inverse.
(L1,O) to (L0,O). See Figure 5.2 for an example of a composition of two type II
band move with surface (F, ∂F ) orientable.
Let Tαβγ = (Σ,α,β,γ,O) be a strongly s-admissible Heegaard triple subordinate
to the band move Bβ,oi,oj . We set the curves δ to be small Hamiltonian isotopies
of the curves α. Then the triple Tαγδ = (Σ,α,γ, δ,O) is subordinate to the inverse
band move (Bβ,oi,oj)−1. We have the following lemma for the induced Heegaard triple
Tβγδ = (Σ,β,γ, δ,O).
Lemma 5.1.5. Suppose (Σ,α,β,γ, δ,O) is a strongly s-admissible Heegaard quadru-
ple, with the induced Heegaard triples Tαβγ subordinate to Bβ,oi,oj and Tαγδ subordinate
to (Bβ,oi,oj)−1. For the top grading generators Θβγ ∈ HFL′(Hβγ), Θβγ ∈ HFL′(Hβδ)
and Θγδ ∈ HFL′(Hγδ), we have the following relation:
fβγδ(Θβγ ⊗Θγδ) = U ·Θβδ (5.1)
Proof. Without loss of generality, we assume the Heegaard triples Tβγδ is a standard
Heegaard triple as shown in Figure 5.3. The three small black dots are in the gen-
erators Θβγ, Θβδ and Θγδ respectively. The shaded area in Figure 5.3 represents a
triangle ∆ in pi2(Θβγ,Θγδ,Θβδ) with Maslov index equal to zero. Similar to the argu-
ments in [OS04b, Section 9], by checking the grading of those generators and periodic
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Figure 5.3: Local diagram for Heegaard triple Tβγδ
domains, there is no other triangle with two vertices Θβγ,Θγδ and Maslov index zero.
As nO(∆) = 1, we get a U before Θβδ in Equation 5.1.
Lemma 5.1.6. Let σoi,oj be the chain map induced by Bβ,oi,oj defined in Theorem
5.1.4. Then, there exists a chain map induced by the inverse of Bβ,
τ oi,oj : CFL′(Y, Lαγ, s)→ CFL′(Y, Lαβ, s),
such that
• the composition τ oi,oj ◦ σoi,oj is chain homotopic to:
U : CFL′(Y, Lαβ, s)→ CFL′(Y, Lαβ, s)
• the composition σoi,oj ◦ τ oi,oj is chain homotopic to:
U : CFL′(Y, Lαγ, s)→ CFL′(Y, Lαγ, s)
Proof. Consider a strongly s-admissible Heegaard quadruple constructed from the
composition (Bβ,oi,oj)−1◦Bβ,oi,oj of cobordisms as in Lemma 5.1.5. The composition is
cobordism from Lαγ to itself. The map σ
oi,oj is defined to be fαβγ(·⊗Θβγ), where Θβγ
is the generator defined in Lemma 5.1.3. Similarly, we define τ oi,oj to be fαγδ(·⊗Θγδ),
where Θβδ is also the generator defined in Lemma 5.1.3.
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Then the composition,
τ oi,oj ◦ σoi,oj = fαγδ(fαβγ(· ⊗Θβγ)⊗Θγδ)
= fαβδ(· ⊗ (fβγδ(Θβγ ⊗Θγδ))) (by Lemma 4.2.14)
= fαβδ(· ⊗ U ·Θβδ) (by Lemma 5.1.5)
= Ufαβδ(· ⊗Θβδ)
From the construction of the quadruple, we know that the curves δ are just small
Hamiltonian isotopy of β without crossing any basepoints. As the small triangle map
fαβδ(·⊗Θβδ) is chain homotopic to the nearest point map, the composition τ oi,oj ◦σoi,oj
is actually Z-filtered chain homotopic to the map U .
Remark 5.1.7. If the band Bβ,oi,oj is of type II, we can construct the other composition
of cobordism (Bβ,oi′ ,o
′
j)−1 ◦ Bβ,oi,oj , where the basepoints oi and oi′ are connected by
a component of Lβ, the basepoints oi and oi′ are connected by another component
of Lβ. See Figure 5.4 for an example of the above composition of cobordisms with
surface (F, ∂F ) orientable. Then this cobordism induces a map:
τ oi′ ,oj′ ◦ σoi,oj = fαβδ(· ⊗Θ′βδ).
Here the generator Θ′βδ, which has the same δ-grading as UΘβδ, is shown in Figure
5.5.
5.1.4 A comparison with Ozsva´th, Stipsicz and Szabo´’s definition of band
move maps
In this subsection, we compare our band move maps FBβ,oi,oj with the band move
maps defined by Ozsva´th, Stipsicz and Szabo´ in [OSS15a].
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Figure 5.4: The composition of cobordisms (Bβ,oi′ ,o
′
j)−1 ◦Bβ,oi,oj
Figure 5.5: The composition of cobordisms (Bβ,oi′ ,o
′
j)−1 ◦Bβ,oi,oj
Figure 5.6: The standard grid move for the band move FBβ,oi,oj
58
Figure 5.7: The standard Heegaard triple for the band move FBβ,oi,oj
Definition 5.1.8. We say that a band B for links (or bipartite links, bipartite dis-
oriented links resp.) is an oriented band, if the number of link components changes
after the band move B. Otherwise, we say that B is an unoriented band.
Recall that in [OSS15a], for a band move from a link in S3 to a link in S3, they
construct a standard grid move as shown in Figure 5.6. The band move is represented
by switching the markings in a grid diagram. Furthermore, we can require that
switching corresponds to the unoriented resolution of a positive crossing.
To establish the relation between the standard grid move above and the Heegaard
triple subordinate to a band move, we need the following lemma.
Lemma 5.1.9. Let Bβ,oi,oj be a band move from a bipartite disoriented link (L,O) to
(L′,O). After a sequence of quasi-stabilizations and Heegaard moves without changing
or crossing the basepoints, we can find a standard Heegaard triple Tαβγ such that:
• the induced Heegaard diagram Hαβ,Hαγ are grid diagrams.
• the grid moves switching the markings oi and oj corresponds to a resolution of
a positive crossing, as shown in Figure 5.6.
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Proof. Recall that in Theorem 3.2.2, we can require the moves Hαβ to Hαγ be as
shown in the bottom right of Figure 3.3. The remaining part of the proof follows
from Lemma 3.2.3.
We call the grid move in Figure 5.6 the standard grid move representingBβ,oi,oj .
Recall that in [OSS15a], the band move maps are defined as follows. Let A and B be
the subset of the curve βn as shown in Figure 5.6. For a grid state x ∈ Tα ∩ Tβ, the
map ν(x) is
ν(x) =

U · x if x ∩ A 6= ∅
x if x ∩ A = ∅.
For our definition, the band map FBβ,oi,oj (·) is defined to be the triangle map
Fαβγ(· ⊗ Θβγ), where Θβγ is the top grading generator determined by Bβ,oi,oj as
shown in Figure 5.7. For a intersection x ∈ βn∩α, we let x′ be the closet intersection
to x in γn ∩α. We have the following observation:
• if x ∈ A, the small triangle with endpoints x, x′,Θβγ intersects the basepoint
set O once;
• if x /∈ A, the small triangle with endpoints x, x′,Θβγ does not intersect any
basepoints.
Based on these observations, we have the following proposition.
Proposition 5.1.10. For a standard grid move representing an unoriented band B =
Bβ,oi,oj , we have the following:
• The map ν defined in [OSS15a] agrees with the triangle map FB.
• The map ν ′ defined in [OSS15a] agrees with the triangle map FB−1.
Proof. As γn is a small isotopy of βn crossing basepoints oi, oj, we can identify the
map ν with the continuation map induced by the Hamiltonian isotopy. This follows
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from the proof of [OS10, Theorem 6.6]. The only difference is that, in our case, the
continuation map may cross the basepoints set O, and we keep track of that with
variable U . On the other hand, the equivalence between the continuation map and
triangle maps in [Lip06, Proposition 11.4] also works in our case.
Therefore, based on these two results and the observations above, we conclude
that the map ν is filtered chain homotopic to the triangle map FB. The equivalence
between ν ′ and FB−1 is similar.
Remark 5.1.11. In a similar vein, we can also identify the oriented band move maps σ
and µ in [OSS15a] with FB and FB−1 . Furthermore, the formulas ν
′◦ν = U, ν ◦ν ′ = U
in [OSS15a, Proposition 5.7] (and similarly, the formulas σ ◦ µ = U and σ ◦ µ = U
in [OSS15a, Proposition 5.1]) agree with the formulas in Lemma 5.1.6.
5.1.5 A comparison with Manolescu’s definition of unoriented band move
maps
Recall that, some band maps were constructed in the proofs of the unoriented skein
exact triangle in [Man07] using special Heegaard diagrams. In the construction,
the band move is actually a type-II β-band move, and the Heegaard triple Tαβγ is
standard. The Heegaard triple shown in [Man07, Figure 6] matches the Figure 6.3.
Let Θ,Θ′ be the two top δ-grading generator of Tα ∩ Tβ. In [Man07], the map
f0 : ĈFL(L0)→ ĈFL(L1) is defined by the triangle map:
f0(·) = fαβγ(· ⊗ (Θ + Θ′)). (5.2)
The map f0 induces a map f
′
0 on the unoriented link Floer chain complex. In fact,
f ′0 : CFL
′(L0)→ CFL′(L1) is given by:
f ′0(·) = fαβγ(· ⊗ (Θ + Θ′)). (5.3)
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Proposition 5.1.12. Suppose a type II β-band move Bβ is next to either the pair of
basepoints (oi, oj) or the pair of basepoints (oi′ , oj′). For the band map defined in 5.3,
we have:
f ′0 = FBβ,oi,oj + FBβ,oi′ ,oj′ .
Here Bβ,oi,oj and Bβ,oi′ ,oj′ are the two band moves for the bipartite disoriented links
lifted from Bβ.
Proof. Immediate from the definition.
Remark 5.1.13. Notice that, the definition of f ′0 does not depend on the one-manifold
A on the bipartite disoriented link cobordism. Therefore, the map f0 is a well-defined
map for band moves Bβ between bipartite links.
5.1.6 A comparison with Zemke’s oriented band move maps
We know that an oriented pointed link ~L determine a bipartite disoriented link (L,O).
Figure 5.8: Comparison with Zemke’s band move map: Bwβ is the w-type band
move defined by Zemke; Bβ,w1,w2 is the β-band move closed to basepoints w1, w2;
the Heegaard diagram Hβγ is induced from the Heegaard triple T subordinate to the
β-band move.
Proposition 5.1.14. Suppose we have an oriented band move B (of type ∗ = α, β) as
shown in Figure 5.8. Then the oriented band also induces a map on the δ-graded chain
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complex HFL′(~L) (by coloring all basepoints in a single color and use δ-grading as the
homological grading). We have the following identifiction between Zemke’s oriented
band move map and our band move maps:
FwB = FB∗,w1,w2 ,
F zB = FB∗,z1,z2 .
Here FwB (or F
z
B resp.) is the w-type (or z-type resp.) band move map defined by
Zemke in [Zem16a].
Proof. Without loss of generality, we assume the band B is a β-band move. We can
find a Heegaard triple T subordinate to the band move, such that the local picture
of the Heegaard diagram Hβγ is same as Figure 5.8.
In [Zem16a, Section 6], on the chain level, the band move
F zBβ ' Fαβγ(−⊗Θw)
FwBβ ' Fαβγ(−⊗Θz).
From the local picture and we know that, the top grw-grading generator Θ
w
is exactly the generator Θz1,z2 and the top grz-grading generator Θ
z is exactly the
generator Θw1,w2 . Then we get the correspondence between oriented band-move maps
and unoriented band move maps on the δ-graded complex.
5.1.7 An example: a bipartite link cobordism from trefoil to unknot
Let T shown in Figure 5.9 be a Heegaard triple subordinate a type I β-band move.
The Heegaard diagram Hαβ is compatible with the trefoil K0 ⊂ S3; the diagram Hβγ
is compatible with a homologically even bipartite link K1 ⊂ S1 × S2; the diagram
Hαγ is compatible with the unknot U in S3.
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Figure 5.9: A Heegaard triple subordinate to a saddle from trefoil to unknot
Figure 5.10: Local diagram for a Heegaard triple
Let a, a′, b, b′, c, c′ be the intersections shown in Figure 5.10, which is a local dia-
gram of Figure 5.9.
For the chain complex CFL′(Hαβ), we have:
∂a = U(b+ c) and ∂b = ∂c = 0.
For the chain complex CFL′(Hαγ), we have:
∂a′ = (b′ + c′) and ∂b = ∂c = 0.
It is easy to check that, the cobordism map σ acting on a, b, c are given by the
following:
σ(a) = Ua′, σ(b) = b′ and σ(c) = c′.
Furthermore, by computation, the map τ : CFL′(U)→ CFL′(K0) defined in Lemma
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5.1.6 sends a′ to a, b′ to Ub and c′ to Uc. Therefore, the composition σ ◦ τ (or τ ◦ σ
resp.) is exactly the map U .
5.2 Quasi-stabilizations
In this subsection, we recall some facts about quasi-stabilization from [MO10], [Zem16b]
and [Zem16a]. For convenience, we focus on β-quasi-stabilizations. Similar results
hold for α-quasi-stabilizations.
5.2.1 Topological facts about quasi-stabilizations
Recall that in Section 2.3, a quasi-stabilization Wqs from bipartite disoriented link
(L0,O0) to a bipartite disoriented link (L1,O1) is an elementary bipartite link cobor-
dism such that:
• The bipartite disoriented links (L0,O0) and (L1,O1) determine the same link
L in Y .
• The dividing set (p1,q1) of L1 is the union (p0 ∪ ps,q ∪ qs), where (p0,q0) is
the dividing set of L0.
• The basepoints set O1 is the union O0 ∪ {o, o′}.
We denote a quasi-stabilization by Sβ,oi+ (or in short, by S
β,oi), if the four new
points (qs, o, ps, o
′) appear in order on L and are between the point (oi, qi) in Uβ.
Starting from a Morse function f0 which is compatible with (L0,O0), we can
modify f0 inside a three ball D ⊂ Y to get a Morse function f1 compatible with
(L1,O1). In fact, we can pick up a three-ball D inside Y \Crit(f), such that:
• The three ball D contains the arc connecting (qs, o′).
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Figure 5.11: An example of quasi-stabilization Sβ,oi+ . The dividing point qi is in the
center of the arc connecting oi and oj. The four new points (qs, o, ps, o
′) appear in
order on the arc between oi and qi.
• The intersection D ∩ Σ is a disk contained in Σ\(α ∪ β).
We add a pair of index zero and three critical points at ps and qs respectively.
Then we replace the disk D∩Σ with a disk D which intersects L at the two basepoints
(o, o′). We also need to introduce an index two critical point inside Uβ ∩ D and an
index one critical point inside Uα ∩ D, such that the gradient flow of the modified
Morse function f1 agrees with f on the boundary ∂D of the three ball D. The
unstable manifold of the new index two critical points intersects ∂D at two point.
The α-circle corresponded to the new index one critical point is inside the disk D.
This modification from f0 to f1 is shown in Figure 5.11.
Now we consider this construction at the level of Heegaard diagram. Given a
Heegaard diagram H = (Σ,α,β,O0) compatible with (L0,O0), we choose a point p
on Σ\(α ∪ β) together with a small disk neighborhood Dp and a circle βs through p
without intersecting β. We replace Dp by another disk D and introduce two basepoint
(o, o′) on D. Next, we extend the βs into the disk D and get a closed curve separating
(o, o′) on Σ = (Σ\Dp) ∪ D. From the Morse function viewpoint, as we requre the
curve βs intersect the projection of L at one point, this extension of βs over D is
unique upto isotopy. Then we set the new alpha circle αs is parallel to ∂D and get a
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Heegaard diagram H = (Σ,α ∪ αs,β ∪ βs,O ∪ {o, o′}), where βs is the extension of
βs over Σ. See Figure 5.11 for this construction.
Remark 5.2.1. The construction of Heegaard diagram H does not depend on the curve
A of Wqs.
5.2.2 Choice of generators
In this subsection, we will define a Z-filtered curved chain homomorphism:
FWqs : CFBL(L0, O0)→ CFBL(L1, O1).
As in Section 5.2.1, suppose that the quasi-stabilization Wqs is S
β,oi
+ . In other
words, the four new points (qs, o, ps, o
′) appear in order on L and are between the
point (oi, qi) in Uβ. For the Heegaard diagram H, the αs intersects βs at two points. If
we close the diagram (D,αs, βs∩D, o, o′), we will get a diagram (S2, αs, βs∩D, o, o′).
We denote by x+ the intersection with the highest gro-grading, and by x
− the other
intersection. The generators of CFBL(H) are of the form x × x±, where x is a
generator of CFBL(H)
We define FSβ,oi : CFBL(L0, O0)→ CFBL(L1, O1) by
FSβ,oi (x) = x× x+. (5.4)
If we reverse a quasi-stabilization Sβ,oi+ , we will get a quasi-destabilization S
β,oi
− from
(L1,O1) to (L0,O0). Then we define FSβ,oi− : CFBL(L1, O1)→ CFBL(L0, O0) by
F
S
β,oi
−
(x× x+) = 0, (5.5)
F
S
β,oi
−
(x× x−) = x. (5.6)
Remark 5.2.2. The construction of FSβ,oi is similar to Zemke’s definition S
+
w,z and T
+
w,z
in [Zem16b]. Instead of colorings, the curves A of Wqs will provide us extra data to
distinguish the generators.
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Figure 5.12: The composition of two quasi-stabilizations
We have the following lemma about the invariance of F
S
β,oi
+
and F
S
β,oi
−
.
Lemma 5.2.3. The map F
S
β,oi
+
and F
S
β,oi
−
is well-defined upto Z-filtered curved chain
homotopy and is independent of the choices of Heegaard diagram H.
Proof. One could prove the following invariance by tracking the proof of [Zem16b,
Theroem A].
Proposition 5.2.4. Suppose that W1 = Sβ,o1 ◦ Sβ,o1 and W2 = Sβ,o1 ◦ Sβ,o2 are two
bipartite disoriented link cobordism from (L,O) to (L,O), where o1 and o2 are two
adjacent basepoints. See Figure 5.12 for the local picture of W1 and W2. For the two
cobordism maps FWi : CFL
′(L,O)→ CFL′(L,O), we have
FW1 ∼= 0
and FW2 ∼= Id .
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Figure 5.13: Quasi-stabilizations: a comparison between decorated link cobordisms
and bipartite disoriented link cobordisms
5.2.3 A comparison with Zemke’s oriented quasi-stabilization/destabilization
maps
Proposition 5.2.5. Suppose z1, w, z, w1 are four adjacent basepoints appears in order
in a component of an oriented pointed link ~L. If we color all points in a single color,
then the quasi-stabilization/destabilization maps defined by Zemke are a chain map on
the δ-graded module F2[U ]-module HFL′. We also have the following relation between
Zemke’s quasi-stabilization/destabilization map and ours:
Sz1− = S
−
w,z, S
z1
+ = S
+
w,z
Sw1− = T
−
w,z, S
w1
+ = T
+
w,z.
Here the quasi-stabilizations/destabilizations are as shown in Figure 5.13.
Proof. These relations follow from the comparison between the definitions in Section
5.2.2 and that in [Zem16b, Section 5].
5.3 Disk-stabilizations
Before we provide the proof for Theorem 1.3.1, we recall the definition of the map
induced by a disk-stabilization/destabilization from [Zem16a, Section 7.3].
Let (L,O) be a bipartite disoriented link in Y and (U , o1 ∪ o2) be a bipartite
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Figure 5.14: Local picture of Heegaard diagram for disk-stabilization/destabilization
disoriented unknot with two basepoints. Suppose U bounds a disk D such that
(D ∩ L) = ∅. Then we can form a new biparite disoriented link (L,O) ∪ (U , o1 ∪ o2).
We call this process a disk-stabilization and its inverse a disk-destabilization (its
cobordism picture is shown in Figure 2.1). For convenience, we denote by D+ a
disk-stabilization and by D− a disk-destabilization.
We can pick a Heegaard diagram (Σ,α,β,O) for (L,O) such that (D∩Σ)∩ (α∪
β) = ∅. By replacing a small disk neighborhood of (D ∩ Σ) on Σ with the picture
shown in Figure 5.14, we get a Heegaard diagram Hˆ = (Σ,α∪α0,β∪β0,O∪ o1∪ o0)
for (L,O)∪ (U , o1∪o2). The generators of CFL′(Hˆ) are of the form x×θ+ or x×θ−,
where x ∈ CFL′(H), θ+ and θ− are the two new intersection of α0 and β0. We define
the map fD+ : CFL
′(H)→ CFL′(Hˆ) by setting
fD+(x) = x× θ+,
and the map fD− : CFL
′(Hˆ)→ CFL′(H) by setting
fD−(x× θ+) = 0 and fD−(x× θ−) = x.
From the discusstion [Zem16a, Section 7.1], we know that fD+ and fD− induce well-
defined maps FD+ and FD− on unoriented link Floer homology HFL
′.
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CHAPTER 6
The relation between elementary link cobordism
maps
6.1 Commutations
We divide this section into two parts. In the first part (Subsection 6.1.1,6.1.2 and
6.1.3), we show that changing the ordering of two critical points of pi|F or pi|A does
not affect the cobordism mpas at the level of CFL′. The results from this part will
be used to show the well-definedness of the cobordism maps on CFL′ constructed
from a given bipartite disoriented link cobordism.
In the second part (Subsection 6.1.4 and 6.1.5), we provide a relation between the
maps induced by α-band moves and β-band moves, and a relation between the maps
induced by α-quasi-stabilizations and β-quasi-stabilizations. These two relations will
be used to show that the cobordism maps on CFL′ constructed from bipartite diori-
ented link cobordisms are independent of the motion of basepoints (the data (D3)).
Hence we get well-defined maps on CFL′ for disoriented link cobordism.
6.1.1 Commutation between α-band moves and β-band moves
Based on Zemke’s work in [Zem16a, Section 7.3], by constructing a Heegaard quadru-
ple, we will show the commutation between α-band moves and β-band moves at the
level of CFL′.
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Suppose Bα,oi′ ,oj′ and Bβ,oi,oj are two disjoint band on bipartite disoriented link
(L1,O). Then we have four elementary bipartite disoriented link cobordisms:
• the band move Bα,oi′ ,oj′ from (L0,O) to (L1,O).
• the band move Bα,oi′ ,oj′ from (L2,O) to (L3,O).
• the band move Bβ,oi,oj from (L0,O) to (L2,O).
• the band move Bβ,oi,oj from (L1,O) to (L3,O).
The two composition of bipartite disoriented link cobordisms Bβ,oi,oj ◦ Bα,oi′ ,oj′
and Bα,oi′ ,oj′ ◦Bβ,oi,oj are isomorphic. Both of the composition are from the bipartite
disoriented link (L0,O) to (L3,O).
Lemma 6.1.1. There exists a Heegaard quadruple (Σ,α′,α,β,β′,O) such that,
• the induced Heegaard triple Tα′αβ is subordinate to the band move Bα,oi′ ,oj′ from
(L0,O) to (L1,O).
• the induced Heegaard triple Tα′αβ′ is subordinate to the band move Bα,oi′ ,oj′ from
(L2,O) to (L3,O).
• the induced Heegaard triple Tαββ′ is subordinate to the band move Bβ,oi,oj from
(L0,O) to (L2,O).
• the induced Heegaard triple Tα′αβ is subordinate to the band move Bβ,oi,oj from
(L1,O) to (L3,O).
Proof. This construction can be done in two steps.
Step1: There exists a Heegaard decomposition such that the α-band lies in Uα
and the β-band lies in Uβ.
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Figure 6.1: Commutation between band moves.
Suppose we have a Morse function f compatible with the bipartite disoriented
link (L0,O). This induces a Heegaard decomposition Uα ∪Σ Uβ of the three manifold
Y . The core of the band Bα,oi′ ,oj′ intersects Uβ with some arcs. For each of these
arcs, one can replace the two disk neighborhoods of the two endpoints of the arc with
a surface with two holes which does not intersects L0 and any bands and get a new
surface Σ. Furthermore, one can require Σ cut the manifold into two handlebodies.
One example of this process is shown in Figure 6.1. When we perform this for both
bands, the α band will lie in Uα and β band lies in Uβ.
Step 2: Using the techniques described in the proof of Theorem 3.2.2, we further
stabilize the diagram Hαβ of (L0,O) to implant the data of the two bands Bβ,oi,oj and
Bα,oi′ ,oj′ into the Heegaard diagram. Notice that, these two implantation processes
(stabilizations and handleslides) happened in different handlebodies. Therefore, the
two process are independent to each other. Finally, after Hamiltonian isotopies, we
will get the desired Heegaard quadruple.
Similar to the proof of [Zem16a, Proposition 7.7], we have the following lemma.
Lemma 6.1.2. Let Bα,oi′ ,oj′ and Bβ,oi,oj be the two disjoint band on bipartite disori-
ented link (L0,O). For the induced Z-filtered chain maps FBβ,oi,oj and FBα,oi′ ,oj′ at
the level of CFL′, we have the following commutation:
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Figure 6.2: Commutation between two β-band moves.
FBβ,oi,oj ,s ◦ FBα,oi′ ,oj′ ,s ' FBα,oi′ ,oj′ ,s ◦ FBβ,oi,oj ,s
Proof. Let’s consider the Heegaard quadruple constructed in Lemma 6.1.1,. By the
associativity we proved in Lemma 4.2.14, we have the following equality:
FBβ,oi,oj ◦ FBα,oi′ ,oj′ = fα′ββ′(fα′αβ(Θαα′ ⊗−)⊗Θββ′)
' fα′αβ′(Θαα′ ⊗ fαββ′(−⊗Θββ′))
= FBα,oi′ ,oj′ ◦ FBβ,oi,oj .
6.1.2 Commutation between β-band moves
In this subsection we will generalize the results in [Zem16a, Section 7.5] and show
the commutation of the triangle maps induced by two distinct β-band move. As
we introduce type I band moves, the proof will be slightly different from the proofs
in [Zem16a, Section 7.5]. See Figure 6.2 for an example of the commutation between
a type I β-band move and type II β-band move.
Suppose Bβ1 is a type II β-band on bipartite link Lαβ. Recall from Section 2.2 that,
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Figure 6.3: A simplified Heegaard diagram Hβγ for type II β-band move.
the set Lβ = Lβ,1, · · · , Lβ,n is a n-tuple of arcs lie in β-handlebody. The endpoints
of these arcs are exactly all the basepoints O of Lαβ. As the band B
β
1 is of type II,
the two ends of the bands should lie in two components Lβ,i, Lβ,j of Lβ. We call the
ends of Lβ,i, Lβ,j the four nearest basepoints adjacent to B
β
1 . Following the proof of
Theorem 3.2.2, we have a lemma below.
Lemma 6.1.3. Suppose Bβ is a type II β-band on bipartite link Lαβ. Let T be a
standard Heegaard triple subordinate to Bβ. We can do β and γ handleslides of the
triple without crossing any basepoints O to get a simplified Heegaard triple T ′, with
a disk neighborhood D on the surface Σ such that D ∩ H ′βγ is shown in Figure 6.3.
Here, the four basepoints o1, o2, o3, o4 ∈ O are the four nearest basepoints adjacent to
the band Bβ the diagram H ′βγ is the Heegaard diagram induced from T ′ .
Proof. Straightforward.
Remark 6.1.4. Notice that the top right basepoint in Figure 6.3 can be any of the
four nearest basepoints adjacent to band Bβ.
We say that two type II β-band move Bβ1 and B
β
2 are away from each other if
the two ends of Bβ1 and the two ends of B
β
2 lie in four different components of Lβ.
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Lemma 6.1.5. Suppose B1 = B
β,oi,oj
1 and B2 = B
β,oi′ ,oj′
2 are two distinct bands on
Lαβ, such that the composition of cobordisms B2 ◦B1 is isomorphic to B1 ◦B2. There
exists a Heegaard quintuple (Σ, α, β, γ, γ′, δ) such that,
• The induced Heegaard triple Tαβγ is subordinate to the band move B1 from
(L0,O) to (L1,O).
• The induced Heegaard triple Tαβγ′ is subordinate to the band move B2 from
(L2,O) to (L3,O).
• The induced Heegaard triple Tαγδ is subordinate to the band move B2 from
(L0,O) to (L2,O).
• The induced Heegaard triple Tαγ′δ is subordinate to the band move B1 from
(L1,O) to (L3,O).
Furthermore, if B1 and B2 are of type II and away from each other, then there exists
two distinct disk neighborhoods D1 and D2 on Σ, such that the four local diagram
D1 ∩ Tβγδ, D2 ∩ Tβγδ, D1 ∩ Tβγ′δ, D2 ∩ Tβγ′δ are the four diagrams shown in Figure
6.4 and Figure 6.5.
Proof. Recall in the proof of Theorem 3.2.2, we start from the Heegaard diagram
of the bipartite link Lαβ determined by (L0,O) and implant the data of the core of
the bands by stabilize the Heegaard diagram. As the two β-band are distinct bands,
the stabilizations and Dehn twists for implanting the data B1 is independent to the
stabilizations and Dehn twists for implanting the data of B2. Then we can get a
desired Heegaard quintuple. One example of this process is shown in Figure 6.6.
Furthermore, if the two bands are of type II and away from each other, then we
can start from the Heegaard triple subordinate to B1 shown in Lemma 6.1.3, we have
a disk region D1 shown in Figure 6.3.
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Figure 6.4: Local picture of Tβγδ.
Figure 6.5: Local picture of Tβγ′δ.
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Figure 6.6: Construction of Heegaard quintuple. Here, c1 and c2 are the cores of the
band B1 and B2. The dashed line l1 and l2 are the projection image on Σ of c1 and
c2. For convenience, we didn’t draw the curves γ
′ and some other curves.
Now we can require that the stabilization and Dehn twist for B2 happens away
from the region D1. After handleslide, we will get the desired Heegaard quintuple
with the two disk region D1 and D2 shown in Figure 6.4 and Figure 6.5.
The following lemma is a result from the triangle computations of the bipartite
disoriented links in #n(S1 × S2) induced by the above Heegaard quintuple.
Lemma 6.1.6. Suppose B1 = B
β,oi,oj
1 and B2 = B
β,oi′ ,oj′
2 are two type II β-band away
from each other. Then the induced map FB1 and FB2 (defined in Theorem 5.1.4)
commutes with each other.
Proof. We construct a Heegaard quintuple by Lemma 6.1.5. We denote by Θβγ (and
Θγ′δ resp.) the generator determined by B1 and by Θβγ′ (and Θγδ resp.) the generator
determined by B2.
By the triangle calculation shown in Figure 6.4, we have:
fβγδ(Θβγ ⊗Θγδ) = Θβδ.
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Here Θβδ is a top grading generator of CFL
′(Hβδ, s). Similarly, by the triangle
calculation shown in Figure 6.5, we have:
fβγ′δ(Θβγ′ ⊗Θγ′δ) = Θβδ.
Notice that the generator Θβδ in Figure 6.4 is exactly the one shown in Figure 6.5.
By associativity, we have:
FB2 ◦ FB1 = fαγδ(fαβγ(−⊗Θβγ)⊗Θγδ)
= fαβδ(−⊗ fβγδ(Θβδ ⊗Θγδ))
= fαβδ(−⊗Θβδ)
= fαγ′δ(fαβγ′(−⊗Θβγ′)⊗Θγ′δ)
= fαγ′δ(fαβγ′(−⊗Θβγ′)⊗Θγ′δ)
= FB1 ◦ FB2
Lemma 6.1.7. Suppose B1 and B2 are two distinct β-bands on bipartite disoriented
link (L,O). If the bipartite disoriented link cobordism B2◦B1 is isomorphic to B1◦B2,
then the two maps FB1 and FB2 commute with each other.
Proof. We postpone the proof to the end of the Section 6.1.4.
6.1.3 Commutation between band moves and quasi-stabilizations
In this subsection, we will show the commutation between the maps on CFL′ asso-
ciated to band moves and quasi-stabilizations. The discussions about commutations
are based on Manolescu’s work in [MO10, Section 5] and Zemke’s work in [Zem16b]
and [Zem16a].
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Figure 6.7: Case 1: Band move type changes.
The bipartite link cobordism for the commutation between a band move Bβ and
quasi-stabilization Sβ contains two critical points. One is the saddle critical point of
the link cobordism surface F , and the other one is the critical point for one-manifold
AΣ. We classify the cobordism of the commutation into two cases:
Case 1 (band move type changes): as shown in Figure 6.7, the critical point of
AΣ and the saddle critical point of F lie in the same component of Fβ. Furthermore,
the type of band move changes from type I to type II after quasi-stabilization. Notice
that, this case can never happen for an oriented link cobordism. For convenience, we
call this a special commutation between Bβ and Sβ.
Case 2 (band move type does not change): we further classify the cobordism into
the following three subcases.
(a) As shown in Figure 6.8 (a), the critical point of AΣ and the saddle critical point
of F lie in the same component of Fβ. The band move B
β is of type I.
(b) As shown in Figure 6.8 (b), the critical point of AΣ and the saddle critical point
of F lie in the same component of Fβ. The band move B
β is of type II.
(c) The critical point of AΣ and the saddle critical point of F lie in different compo-
nents of Fβ.
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Figure 6.8: Case 2: Band move type does not change.
Next, we translate the cobordism data into Heegaard diagrams data.
Definition 6.1.8. Suppose we have a bipartite link cobordism made of a band move
Bβ and a quasi-stabilization Sβ, such that Bβ ◦ Sβ ∼= Sβ ◦ Bβ. We say that T =
(Σ,α ∪ {αs},β) ∪ {βs},γ ∪ {γs},O ∪ {os, o′s}) is a stabilized Heegaard triple
subordinate to the commutation , if it satisfies the following diagram:
Hαβ
Sβ

Bβ // Hαγ
Sβ

Hαβ
Bβ // Hαγ
.
Here, the Heegaard diagrams above are described below:
• the triple T = (Σ,α,β,γ,O) (or the T resp.) is subordinate to the band move
Bβ.
• the stabilized Heegaard diagram Hαγ (or Hαβ resp.) is subordinate to Sβ.
Next, we will construct a stabilized Heegaard triple for the commutation between
Bβ and Sβ. This construction depends on the type of β-band moves and the relative
position between Bβ and Sβ.
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Figure 6.9: Stabilized Heegaard triple for Case 1.
Figure 6.10: Free stabilized Heegaard triple for Case 2 (a)(b)(c). Note that, for
simplicity we don’t draw other alpha curves on the picture.
Lemma 6.1.9. Suppose W is a bipartite link cobordism for band move Bβ and quasi-
stabilization Sβ. If the band move type changes after quasi-stabilization, then we can
construct a stabilized Heegaard triple subordinate to W as shown in Figure 6.9. If
the band move type does not change, then we can construct a free stabilized Heegaard
triple subordinate to W as shown in Figure 6.10 .
Proof. The construction of the stabilized Heegaard triple relies on the bipartite link
cobordism.
For case 1: Let T be a standard Heegaard triple subordinate to the band move
Bβ. Suppose that γn is a small Hamilitonian isotopy crossing the basepoints (oi, oj).
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Figure 6.11: Type I band move and quasi-stabilization.
Figure 6.12: Type II band move and quasi-stabilization.
As shown in Figure 6.11, we choose a parallel copy βs of βn, and we set γs be a small
Hamiltonian isotopy of βs without crossing any basepoints O.
For case 2: Based on the construction for case 1, we can handleslide βs such that
βs is contractible on the Heegaard surface Σ. See Figure 6.12 for the construction of
case 2b. We show the stabilized Heegaard triple for case 2a,2b,2c in Figure 6.10.
Remark 6.1.10. By [Zem16b, Lemma 6.3], the Heegaard diagram (Σ,β ∪ {βs},γ ∪
{γs}), which comes from the Heegaard triples we constructed in Lemma 6.1.9, are
strongly positive. See [Zem16b, Definition 6.2] for the definition of strongly positive.
Now we lift the bipartite link cobordism for the commutation between the band
move Bβ and quasi-stabilization Sβ to a bipartite disoriented link cobordism. Conse-
quently, the band move Bβ and quasi-stabilization Sβ will also be lifted (they should
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Figure 6.13: Two possible liftings to bipartite disoriented link cobordisms.
be adjacent to certain basepoints with respect to different lifting). Let’s focus our
discussion on the lifting for the commutation of case 1.
For the commutation of case 1, we have two possible lifting:
• the commutation Sβ,oi ◦ Bβ,oi,oj ∼= Bβ,oj ◦ Sβ,oi,oj , as shown in the Figure 6.13
(a);
• the commutation Sβ,oj ◦ Bβ,oi,oj ∼= Bβ,oi ◦ Sβ,oi,oj , as shown in the Figure 6.13
(b).
Lemma 6.1.11. For the commutation of bipartite disoriented link cobordism Sβ,oi ◦
Bβ,oi,oj ∼= Bβ,oi,oj ◦ Bβ,oj in case 1, we have the following commutation on the unori-
ented link Floer chain complex up to chain homotopy:
FSβ,oi ◦ FBβ,oi,oj ' FBβ,oi,oj ◦ FSβ,oj .
A similar result holds for the commutation Sβ,oj ◦Bβ,oi,oj ' Bβ,oi,oj ◦ Sβ,oi.
By Lemma 6.1.9, we have a Heegaard triple (see Figure 6.9) subordinate to this
commutation. We have to show the following commutation diagram:
CFL′(Hαβ)
Sβ,oi

Bβ,oi,oj// CFL′(Hαγ)
Sβ,oj

CFL′(Hαβ)
Bβ,oi,oj// CFL′(Hαγ)
.
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Figure 6.14: Connected sum of two Heegaard triples.
Here, we suppose that:
• the map FSβ,oi send the generator x to x × x+, where x+ is an intersection of
αs and βs determined by S
β,oi ;
• the map FSβ,oj send the generator z to z× z+, where z+ is an intersection of αs
and γs determined by S
β,oj ;
• the map FBβ,oi,oj send the generator x to FT (x⊗Θβγ), where the generator Θβγ
is determined by Bβ,oi,oj .
• the map FBβ,oi,oj send a generator of the form x×x+ to FT ((x×x+)⊗(Θβγ×θ+)),
where θ+ is the intersection of βs and γs determined by B
β,oi,oj .
Now we consider the triple T as the connected sum of the triple T 1 = (Σ1,α,β ∪
βs,γ ∪ γs) and the triple T 2 = (S2, αs, βs, γs) as shown in Figure 6.14. Notice that,
if we remove the βs and γs curve form T 1 we will get the triple T .
Notice that the intersection x ∈ Tα∪{αs}∩Tβ∪{βs} for Hαβ, can be uniquely written
as x = x1×x2. Here the intersection x1 belongs to Tα ∩Tβ for Hαβ, the intersection
x2 belongs to Tαs ∩ Tβs for (S2, αs, βs, γs).
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Figure 6.15: Local picture of Heegaard triple for Maslov index calculations.
Similar to [MO10, Lemma 6.9], we have a restriction map
Lemma 6.1.12. For the stabilized Heegaard triple T (as shown in Figure 6.9) sub-
ordinate to a special commutation, there is a well-defined restriction map:
σ : pi2(x,y, z)→ pi2(x2,y2, z2)
Now we define an equivalence class for the triple (φ1, Pβ, Pγ), as follows. We say
that the triple (φ1, Pβ, Pγ) is equivalent to (φ
1′ , P ′β, P
′
γ), if we have the equality,
φ1 + Pβ + Pγ = φ
1′ + P ′β + P
′
γ.
Here, φ1 is in pi2(x
1,y1, z1), Pβ is in H2(Σ
1,β ∪ {βs}), and Pγ is in H2(Σ1,γ ∪ {γs}).
Lemma 6.1.13. Suppose φ2 ∈ pi2(x2, θ+, z2) the restriction of φ ∈ pi2(x,Θ × θ+, z)
on (S2, αs, βs, γs). Let (φ
1
1, Pβ, Pγ) be the equivalence class determined by φ. We have
the following Maslov index formula:
µ(φ) = µ(φ1) + µ(Pβ) + µ(Pγ)−m1(φ)−m2(φ) + µ(φ2).
Here, the m1(φ), m2(φ), a and a
′are the multiplicities of the regions of φ shown in
Figure 6.15.
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Proof. By the Sarkar’s Maslov index formula for holomorphic triangles in [Sar06], we
have:
µ(φ) = µ(φ1) + µ(Pβ) + µ(Pγ)− 1
2
(m1(φ) +m2(φ) + a+ a
′) + µ(φ2).
On the other hand, as the intersection θ− (shown in Figure 6.9) does not belong to the
generator, so we have m1 +m2 = a+a
′. Hence, we get the Maslov index formula.
Lemma 6.1.14. For a class φ2 ∈ pi2(x2, θ+, z2), where θ+ is the intersection shown
in Figure, we have the following Maslov index formula:
µ(φ2) = m1 +m2 +m3 +m4
Proof. Straightforward.
Proof of Lemma 6.1.11. We use Lipshitz’s cylindrical formulation to count the holo-
morphic triangles, see [Lip06]. Let φ ∈ pi2(x,y, z) with Maslov index zero. By Lemma
6.1.13 and Lemma 6.1.14, we have:
µ(φ) = µ(φ1) + µ(Pβ) + µ(Pγ)−m1(φ)−m2(φ) + µ(φ2)
= µ(φ1) +m3 +m4 + µ(Pβ) + µ(Pγ) = 0.
Hence, we have µ(Pβ) = µ(Pγ) = 0, the multiplicity m3 = m4 = µ(φ
1) = 0 and
m1 = m2 = a = a
′ = m. Therefore we have φ1 ∈ pi2(x, θ, y) or φ1 ∈ pi2(x′, θ, y′). This
is determined by the bipartite disoriented link cobordism, shown in Figure 6.13.
On the other hand, we consider the connected sum
Σ(T ) = (Σ1 −D1)#([−T − 1, T + 1]× S1)#(S2 −D2).
Here, D1 is a small disk neighborhood of p1 on Σ1, andD2 is a small disk neighborhood
of p2 on S2, see Figure 6.15. We pick up an almost complex structure J1 ∈ Σ × ∆
and J2 on Σ
2×∆. We construct an almost complex structure J(T ) on Σ(T )×∆. By
87
Remark 6.1.10, we know that, when T → ∞, the sequence of holomorphic triangles
will have a subsequence converges to some holomorphic objects on Σ1 and on S2. On
S2, the objects are some broken triangles; on Σ, the objects are some annoying β
degenerations, annoying γ degenerations and broken triangles (see [MO10, Lemma
6.3] for the definition of annoying curves). As we have m3 = m4 = 0, the objects
should be of the form (φ1, 0, 0). Hence, for sufficient large necklength, no boundary
point of S can be mapped to p2 under the projection pi∆ ◦ u. Here u : S → Σ is a
holomorphic representative of φ. As in [MO10, Proposition 6.15], we can identify the
moduli spacesM(φ) with some fiber productM(φ1)×Symm∆M(φ2). The counting of
holomorphic triangle argument is similar to that in the proof of [MO10, Proposition
6.2].
Proposition 6.1.15. Suppose we have a bipartite disoriented link cobordism made
of a band move Bβ and a quasi-stabilization Sβ, such that Bβ ◦ Sβ ∼= Sβ ◦Bβ. Then
the maps associated to Bβ ◦ Sβ and Sβ ◦ Bβ on unoriented link Floer chain complex
CFL′ are chain homotopic to each other.
Proof. For special commutation, see Lemma 6.1.11. For the remaining cases, as the
triples shown in Figure 6.10 are free stabilizations, we can apply [MO10, Proposition
6.2] to show the commutation at the level of CFL′.
6.1.4 The relation between α and β-band moves
Let Bβ,oi,oj be a β-band move from a bipartite disoriented link (L0,O) to a bipartite
disoriented link (L1,O). We consider a gradient flow φt induced by a Morse function
f compatible with (L0,O). There exist a t0 such that the band φt0(Bβ,oi,oj) lies in
the α-handlebody with respect to the Heegaard decomposition induced by f . For
convenience, we denote by Bα,oi,oj the α-band φt0(B
β,oi,oj). The band move Bα,oi,oj
changes the bipartite disoriented link (L0,O) to a bipartite disoriented link (L2,O).
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Figure 6.16: Two sequences of movie moves
By an isotopy σ of (L2,O) supported only on a three-ball D, we get a biparite
disoriented link (σ(L2), σ(O)) with the following properties:
• the disoriented link σ(L2) agrees with L1,
• the (ordered) set of basepoints σ(O) and O differ by switching oi and oj.
Similar to [Zem16a, Proposition 7.8], we have the following relation between the
band move maps induced by the two band moves Bβ,oi,oj , and Bα,oi,oj .
Proposition 6.1.16. Let the band moves Bβ,oi,oj and Bα,oi,oj = φt0(B
β,oi,oj) be as
described above. We have the two sequences of moves between bipartite disoriented
links as shown in Figure 6.16:
(MM 1): (L0,O) B
β,oi,oj−−−−→ (L1,O)
(MM 2): (L0,O) B
α,oi,oj−−−−→ (L2,O) σ−→ (σ(L2) = L1, σ(O)) switching oi and oj−−−−−−−−−−−→ (L1,O).
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Figure 6.17: Heegaard Triple Tαβγ and Tδαβ
At the level of unoriented link Floer chain complex CFL′, the maps induced by the
above two sequence of moves are chain homotopic to each other. In other words, we
have:
FBβ,oi,oj ' Idrenum ◦ σ∗ ◦ FBα,oi,oj .
Here the map Idrenum on CFL
′ is the identity map induced by switching the basepoints
oi and oj, and the map σ∗ is the canonical isomorphism induced by the isotopy σ.
Proof. By Theorem 3.2.2, we consider a standard Heegaard Triple Tαβγ subordinate
to Bβ,oi,oj . On the same Heegaard surface, we construct the δ-curves such that,
1. the curves δ1, · · · , δn−1 are small Hamiltonian isotopies without crossing any
baspoints,
2. the curve δn is a small Hamiltonian isotopy of αn crossing the basepoints oi and
oj. The geometric intersection |δn ∩ α| = 2 = |δn ∩ δ ∩D|.
The Heegaard triples Tαβγ and Tδαβ are shown in Figure 6.17. It is easy to see that
Tδαβ is subordinate to the band move B
α,oi,oj .
Without loss of generality, we can require the isotopy σ to satisfy the following:
1. σ preserves the Heegaard surface Σ setwise,
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Figure 6.18: Sequence of Heegaard moves
2. σ|(Σ\D) = Id |(Σ\D),
3. σ(oi) = oj, σ(oj) = oi and σ(ok) = ok if k 6= i, j.
4. after switching the markings oi and oj, the curves σ(δ) are small Hamiltonian
isotopies of α without crossing basepoints and the curves σ(β) are small Hamil-
tonian isotopies of γ.
The two sequences of movie moves in Figure 6.16 induce two sequences of Heegaard
moves shown in Figure 6.18.
It suffices to show that,
Φαγσ(δ)σ(β) ◦ σ∗ ◦ FBα,oi,oj ∼= FBβ,oi,oj .
Here the map Φαγσ(δ)σ(β) is induced by small isotopy without crossing any basepoints.
For the Heegaard triple Tαβγ we have the nearest point map Nβγα , see [OS08b]. It
sends a generator x = (x1, · · · , xn) to the unique generator z = (z1, · · · , zn) where
the crossing xi and yi are vertices of a small triangle. Notice from Figure 6.17 that
the shaded small triangles going over with basepoints oi or oj. Hence, in our case the
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map Nβγα is no longer a chain map. Therefore, we define a chain map Ψ
βγ
α as
Ψβγα (x) =

U ·Nβγα , if x∗ ∈ x
Nβγα if x∗ /∈ x
.
Similarly to the proof of Proposition 5.1.10, the map Ψβγα is chain homotopic to
FBβ,oi,oj .
On the other hand, for the Heegaard triple Tδαβ we also have a nearest point
map Nβδα. It sends a generator x = (x1, · · · , xn) ∈ Tα ∩ Tβ to the unique generator
z = (z1, · · · , zn) ∈ Tδ ∩ Tβ where the crossings xi and zi are vertices of a small
triangle.
We also define a chain map Ψβδα as
Ψβδα(x) =

U ·Nβδα if x∗ ∈ x,
Nβδα if x∗ /∈ x
,
which is chain homotopic to FBα,oi,oj .
By our construction, after switching the markings oi and oj, the curve σ(δ) and α
(or σ(β) and γ resp.) are differed by a small isotopy without crossing any basepoints.
Hence the map Φαγσ(δ)σ(β) is chain homotopic to a composition of a sequence of nearest
point map. Hence the nearest point maps Ψβγα and Φ
αγ
σ(δ)σ(β) ◦ σ∗ ◦ Ψβδα are chain
homotopic. This implies that Φαγσ(δ)σ(β) ◦ σ∗ ◦ FBα,oi,oj is chain homotopic to FBβ,oi,oj .
Proof of Lemma 6.1.7. We denote by W1 the bipartite disoriented link cobordism
B1 ◦B2 and by W2 the bipartite disoriented link cobordism B2 ◦B1. Both cobordism
W1 and W2 are from the bipartite disoriented link (L1,O1) to (L1,O2). Without loss
of generality, we assume B2 = B
β,oi′ ,oj′
2 and the bipartite disoriented link cobordisms
W1 and W2 are as shown in the top of Figure 6.19.
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We consider another two bipartite disoriented link cobordism W1′ and W2′ from
(L1,O′1) to (L1,O′2). Here, the bipartite disoriented links (L1,O′1) and (L1,O1)
are differed by a baspoints-moving map σ1 which moves oi′ and oj′ but fix all the
other basepoints; the bipartite disoriented links (L1,O2) and (L1,O′2) are differed by
switching oi′ and oj′ and a baspoints-moving map σ2 which moves oi′ and oj′ but fix
all the other basepoints. See the bottom of Figure 6.19 for W1′ and W2′ .
We denote by Bα the α-band B
α,oi′ ,oj′
1 . By Proposition 6.1.16, we know that
FW1 = σ2 ◦ FW1′ ◦ σ1 = σ2 ◦ FB1 ◦ FαB2 ◦ σ1
FW2 = σ2 ◦ FW2′ ◦ σ1 = σ2 ◦ FαB2 ◦ FB1 ◦ σ1.
As the band move maps FB1 commute with F
α
B2
by Lemma 6.1.2, we conclude that
FW1 agree with the map FW2 .
6.1.5 The relation between α and β-quasi-stabilizations
Let Sβ,oi be a β-quasi-stabilization from (L0,O0) to (L1,O1). We also have a α-
quasi-stabilization Sα,oi , which adds a pair of basepoints (o, o′) to the same bipartite
disoriented link (L0,O0) and gets a bipartite disoriented link (L2,O2). We provide
a local picture for Sα,oi and Sβ,oi in Figure 6.21. We can find an basepoint moving
map σ (an isotopy preverses the link L), which satisfies the following,
• the disoriented link σ(L2) agrees with L1.
• the (ordered) basepoint sets σ(O2) and O1 differ by changing the ordering of
the three basepoint (o, o′, oi),
• if a basepoint ol is not o, o′, or oi in O2, then σ(ol) = ol.
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Figure 6.19: Commutation of two β-band moves.
94
Figure 6.20: α and β-quasi-stabilizations
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Figure 6.21: α and β-quasi-stabilizations
At the level of CFL′, we have the following relation about the maps induced by
Sα,oi and Sβ,oi .
Proposition 6.1.17. Let Sβ,oi and Sα,oi be two quasi-stabilizations described above.
We consider the following two sequences of moves, as shown in Figure 6.21:
(MM 1): (L0,O0) Sβ,oi−−−→ (L1,O1),
(MM 2): (L0,O0) Sα,oi−−−→ (L2,O2) σ−→ (σ(L2) = L1, σ(O2)) Renumbering−−−−−−−→ (L1,O1).
At the level of CFL′, the maps induced by these two sequence of movie moves are
chain homotopic. In other words,
FSα,oi ∼= σ ◦ FSβ,oi .
If we reverse the two sequence of movie moves, similar results hold for quasi-destabilization.
Proof. The proof is similar to the proof of [Zem16a, Lemma 3.23]. We compare the
Heegaard diagrams shown in the left and right of Figure 6.21. As we can require σ to
change the diagram H2 in the right hand side to the Heegaard diagram H1 in the left
hand side (in fact, σ(H2) and H1 differ by reordering (o, o
′, oi)), it is easy to check
the map FSα,oi agrees with σ ◦ FSβ,oi .
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6.2 Other relations
6.2.1 Bypass relation
In [Sar15, Section 4], for an oriented link, Sarkar defined a chain map Φi on CFK
◦,
by differentiate the differential of CFK◦ with respect to a variable Ui (for basetpoint
wi). Later, Zemke found the relation between Φi and quasi-stabilization maps, which
was an important part in the proof of the conjectured formula for basepoint movings,
see [Zem16b].
Based on Sarkar and Zemke’s ideas, for a bipartite disoriented link (L,O) to-
gether with a marked basepoint oi, we can construct a chain map Φi : CFL
′(L,O)→
CFL′(L,O):
Φi(x) =
d∂
dUi
(x) = U−1i
∑
y∈Tα∩Tβ
∑
φ∈pi2(x,y),
µ(φ)=1
noi(φ)#(M(φ)/R)
2n∏
k=1
U
nok (φ)
k y. (6.1)
Figure 6.22: Composition of a quasi-destabilization and a quasi-stabilization.
The following proposition estabilishes the relation between the map Φ with ele-
mentary bipartite disoriented link cobordisms.
Proposition 6.2.1 (Compare [Zem16b, Lemma 10.3]). Suppose that o1 and o2 are the
two adjacent basepoints of oi, such that the arc between o1 and oi is in α-handlebody
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Figure 6.23: Bypass triad and band move.
and the arc between o2 and oi is in β-handlebody. Then we have:
Φi ' FSα,o1+ ◦ FSα,o1− ' FSβ,o2+ ◦ FSβ,o2− .
The local picture of the two bipartite disoriented link cobordism Sα,o1+ ◦Sα,o1− and Sβ,o2+ ◦
Sβ,o2− is shown in Figure 6.22.
Proof. We know that the cobordism surface F of a composition of a quasi-destabilization
and a quasi-stabilization is orientable. Without loss of generality, we color the base-
points such that o1 and o2 are z-basepoints, oi is a w-basepoint. Now we know that
the map FSα,o1+ is the S
+
o1,oi
map defined by Zemke, and that the FSα,o1− is the S
−
o1,oi
map defined by Zemke. By definition, the Φwi map defined by Zemke on the δ-graded
F2[U ]-module CFL′ is exactly the map Φi we defined, where we colored oi in wi.
Then the result follows exactly from [Zem16b, Lemma 10.3].
Based on the result in Proposition 6.2.1, we prove the following bypass relation
for the band move of bipartite disoriented links.
Proposition 6.2.2 (Compare [Zem16a, Proposition 9.3]). Let B be a type-II band
close to oi, oj, oi′ , oj′ on a bipartite link. Then we have the following relation on the
band move maps:
FB∗,oi′ ,oj′ = FB∗,oi,oj ◦ Φoi + Φoi ◦ FB∗,oi,oj ,
where ∗ can be either α or β. We provide a local picture of the three bipartite disori-
ented link cobordisms in Figure 6.23.
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Figure 6.24: The local picture of Hβγ represents the four pointed unknot U4 in
#n(S1 × S2).
Proof. Without loss of generalility, we assume ∗ is β, i.e. we B = Bβ,oi′ ,oj′ is a β-band
move. By Theorem 3.2.2, we can find a Heegaard triple T subordinate to B, such
that the local picture of the Heegaard diagram is as shown in Figure 6.24. Similar to
the proof of [Zem16a, Proposition 9.3], we apply Gromov’s compactness theorem to
the Heegaard triple T :
∂αγ ◦ Fαβγ + Fαβγ ◦ (id⊗ ∂βγ) + Fαβγ ◦ (∂αβ ⊗ id) ' 0
We differentiate the above formula with respect to variable Ui:
d
dUi
(∂αγ ◦ Fαβγ) + d
dUi
(Fαβγ ◦ (id⊗ ∂βγ + ∂αβ ⊗ id)) ' 0
By composition rule:
d∂αγ
dUi
◦ Fαβγ + ∂αγ ◦ dFαβγ
dUi
+
dFαβγ
dUi
◦ (id⊗ ∂βγ + ∂αβ ⊗ id)+
Fαβγ ◦ ( d
dUi
(id⊗ ∂βγ + ∂αβ ⊗ id)) = 0
We rearrange the equality into the following form:
d∂αγ
dUi
◦ Fαβγ + Fαβγ ◦
(
id⊗ d∂βγ
dUi
+
d∂αβ
dUi
⊗ id
)
= ∂αγ ◦ dFαβγ
dUi
+
dFαβγ
dUi
◦ (id⊗ ∂βγ + ∂αβ ⊗ id)
= ∂H +H∂,
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where the map H represents
dFαβγ
dUi
. By definition, we know that Φi =
d∂
dUi
. Now we
consider the image of elements of the form −⊗Θoi,oj :
Φi ◦ Fαβγ(−⊗Θoi,oj) + Fαβγ(−⊗ Φi(Θoi,oj)) + Fαβγ(Φi(−)⊗Θoi,oj) = 0.
By the definition of band move maps, we know that FBβ,oi,oj (−) is Fαβγ(− ⊗ Θoi,oj)
and that F
B
β,oi′ ,oj′ = Fαβγ(−⊗Θoi′ ,oj′ ).
On the other hand, we consider relation between the top δ-grading generators
Θoi,oj and Θoi′ ,oj′ under the map Φi. The two generators Θ
oi,oj and Θoi′ ,oj′ is shown
in Figure 6.24. By Proposition 6.2.1, we have Φi = FSoi′+
◦ F
S
oi′
−
. Hence we get the
relations between the top grading generators:
Φi(Θ
oi,oj) = Θoi′ ,oj′ .
This relation is similar to the result in [Zem16a, Lemma 9.4].
Taking these relations back into the above equation, we proved the bypass relation
for unoriented band move.
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CHAPTER 7
Functoriality and absolute gradings
7.1 Functoriality
In this section, we assume that the cobordism W between three-manifolds is the
product Y × I. We will show that a disoriented link cobordism can be isotopied
to a regular form. We also show that any two regular forms of a given disoriented
link cobordism can be connected by certain moves. For the construction of the map,
we isotope the disoriented link cobordism to a regular form and then lift it to a
bipartite disoriented link cobordism. We construct the map from this disoriented link
cobordism. Finally, we prove the following:
• the map is independent of liftings,
• the link cobordism map is invariant under the moves between regular forms of
the disoriented link cobordism.
These two results imply the invariance of our construction.
7.1.1 Ambient isotopies of disoriented link cobordism
In this section, we define an equivalence relation between disoriented link cobordism
analogous to the equivalence relation of knotted surface in R4, see [CS98, Chapter 2].
Recall that a disoriented link cobordism W = (W ,F ,A) from (Y,L0) to (Y,L1)
contains the data of two maps:
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• the embedding of an oriented one-manifold A : (A, ∂A) ↪→ (F, ∂F ),
• the embedding of a surface F : (F, ∂F ) ↪→ (W,∂W ).
Definition 7.1.1. We say that two disoriented link cobordism Wi, i = 0, 1 are equiv-
alent or ambient isotopic, if there exists a pair of smooth maps h : (W × I)→ W
and g : (F × I)→ F , such that
(1) the map ht = h(−, t) : (W,∂W ) → (W,∂W ) is a diffeomorphism with h0 = idW
and h1 ◦ F0 = F1.
(2) the map gt = g(−, t) : (F, ∂F )→ (F, ∂F ) is a diffeomorphism with g0 = idF and
g1 ◦ A0 = A1.
Remark 7.1.2. In fact, one can also define the equivalence relation between disoriented
link cobordism by using isotopy, i.e. a one-parameter family of embeddings (F t,At).
In our case, as the manifolds are all compact, the isotopy extension theorem implies
these two definitions of equivalence of disoriented link cobordism are equivalent, see
[Hir76, Chapter 8.1].
As we require the cobordism W to be a product Y ×I, there is a natural projection
pi : Y × I → I. Recall that in section 2.1, we said that a disoriented link cobordism
is in regular form, if (F ,A) satisfies the following:
(R1) The surface F(F, ∂F ) is in generic position with respect to the natural projec-
tion pi. In other words, pi ◦ F is a Morse function for (F, ∂F ).
(R2) The one-manifold A(A, ∂A) is in generic position with respect to the natural
projection pi. In other words, pi ◦ F ◦ A is a Morse function for (A, ∂A).
(R3) The index two/zero critical points of the Morse function pi◦F on F are included
in the image of index one critical points of (A, ∂A) under the map A.
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(R4) The index one critical points of the Morse function pi ◦ F do not lie on the
one-manifold A(A, ∂A).
(R5) The critical values of pi ◦ F ◦ A and the critical values of pi ◦ F corresponding
to index one critical points are distinct on I.
(R6) For a regular value a ∈ I, (pi−1(a)∩F(F, ∂F ), pi−1(a)∩A(A, ∂A)) is a disoriented
link in pi−1(a) ∼= Y .
Theorem 7.1.3. For any disoriented link cobordism (F ,A), there exists a regular
disoriented link cobordism (F ′,A′) which is isotopic to (F ,A).
Proof. By linear perturbations of the embedding F in local charts, we can find an
embedding F ′ which is close to F with respect to some metric and satisfies (R1).
Similar to the proof in [Ros04, Proposition 4.5], we know that as F ′ is close to F ,
they should be isotopic to each other.
Now we fix F and move the embedding A such that A(A, ∂A) go through all index
zero and index two critical points of pi ◦F on (F, ∂F ). As each piece of F\A(A) has a
boundary component inA(A), hence we moveA(A) such that for each link component
Li of (pi ◦ F)−1(a), the intersection Li ∩ A(A) is non-empty. By a further ambient
isotopy which fixes the small neighborhood of all index two and index zero critical
points of pi ◦F , we get a desired embedding A′ satisfies (R2) to (R6). See Figure 7.1
for an example.
7.1.2 Moves between regular forms of a disoriented link cobordism
Recall that in Cerf theory, given a path connecting two Morse functions f0 and f1, one
can perturb and get a path of functions ft, such that ft is Morse function except at a
finite set of t ∈ (0, 1). Similarly, we will show that given a path of smooth embeddings
(F t,At) or equivalently an ambient isotopy connecting two regular disoriented link
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Figure 7.1: Isotopy to regular forms
cobordisms (F0,A0) and (F1,A1), one can perturb the path of embeddings such that
(F t,At) is in regular form except a finite subset E = {t1, t2, · · · , tk} of (0, 1). We say
that a path of pair of embedding satisfy the above condition is nice.
To describe this path of embeddings, we pick up a finite subset of time R =
{a1, · · · , ar} ⊂ I\E where a1 = 0, ar = 1 and ai < aj if i < j, such that for all
component of I\E there exist at least one ai in R. Then, the path of embedding are
represented by the move from the embedding (Fai ,Aai) to (Fai+1 ,Aai+1).
We sort these move into 11 cases and provide examples of local pictures of these
moves in Figure 7.2 and Figure 7.3.
(M 1): Ambient isotopies that do not change the level of all critical points of pi ◦ F
and pi ◦ A.
(M 2): Cancellation/birth of a pair of index zero/two and index one critical points
of pi ◦ F .
(M 3): Cancellation/birth of a pair of index one/zero critical points of pi ◦ F ◦ A.
(M 4): Ambient isotopies of (A, ∂A) on (F, ∂F ) which go across an index two/zero
critical point of pi ◦F and switch the height of two critical points of pi ◦F ◦A.
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(M 5): Ambient isotopies of (A, ∂A) on (F, ∂F ) which go across an index one critical
point of pi ◦ F .
(M 6): Switching height of a pair of index one/zero critical points of pi ◦ F ◦ A.
(M 7): Switching the height of two index one critical points of pi ◦ F .
(M 8): Switching the height of two index zero/two critical points of pi ◦ F .
(M 9): Switching the height of an index one critical points and a index two/zero
critical point of pi ◦ F .
(M 10): Switching the height of an index zero/one critical points of pi ◦ F ◦ A and a
index one critical point of pi ◦ F .
(M 11): Switching the height of an index zero/one critical points of pi ◦ F ◦ A and a
distant index two/zero critical point of pi ◦ F .
Theorem 7.1.4. Any two regular forms of a disoriented link cobordism can be con-
nected by (M 1) to (M 11).
Proof. Let (F0,A0) and (F1,A1) be two regular forms of a disoriented link cobordism.
By definition, there exists a path of embeddings (F t,At) connecting them.
Similar to the proofs in [Ros04, Proposition 5.4], the path of embeddings F t can
be approximated by another path F treg such that pi ◦ F treg is a Morse function except
a finite number of t ∈ [0, 1]. The path of the pair of embeddings (F treg,A0) may not
be nice, but we can find another path of embedding Atmid starting from A0 such that
the path of pairs of embeddings (F treg,Atmid) can be represented by (M 1),(M 2),(M
7) (M 8) and (M 9).
The embedding A1mid may not be A1, therefore, we find the path of embedding
Atfin from A1mid to A1 such that the path of pair of embeddings (F1,Atfin) is nice.
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Figure 7.2: Moves between regular forms (Part I)
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Figure 7.3: Moves between regular forms (Part II)
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Figure 7.4: An example of a sequence of moves between regular forms. Regular form
(1) to (2) and (3) to (4): (M 1),(M 3),(M 6),(M 10),(M 11); Regular form (2) to
(3): (M 4).
This path can be represented by (M 1), (M 3), (M 4), (M 5), (M 6), (M 10) and
(M 11).
Finally, we concatenate the two paths (F treg,Atmid) and (F1,Atfin) to get a desired
isotopy. See Figure 7.4 for an example of the isotopy.
7.1.3 Construction and invariance of disoriented link cobordism maps
Proof of Theorem 1.3.1. The proof include six steps: Regular form, lifting, elemen-
tary pieces, composition of maps, independence of liftings and moves between regular
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forms.
Step 1-Regular Form: By theorem 7.1.3 we can perturb W and get a disoriented
link cobordism Wreg in regular form.
Step 2-Lifting: By the discussion in Section 2.4, we can lift Wreg to a bipartite
disoriented link cobordism Wreg.
Step 3-Elementary pieces: Then we cut Wreg into elementary pieces Wireg. These
elementary pieces are categorified into four types: isotopies, disk-stablization and
destabilizations, quasi-stabilization and destabilizations, band moves. We constructed
a map FWireg on the unoriented link Floer homology for each type of these elementary
cobordism. For disk-stabilization/destabilization see the disscussion in the begining
of Section 7.1.3. For the definition of band move maps, see Theorem 5.1.4. For the
definition of maps induced by quasi-stabilization/destabilizations, see Section 5.2.
Step 4-Composition of maps: We define the map FW to be the composition of
the map FWireg . The decomposition corresponds to a division of the interval I. If we
have another decomposition of W, we can find a common subdivision of I for the
two decomposition. By the invariance of the maps induced by elementary pieces, we
know that subdivision induce the same map. Hence the map FW is independent of
the decomposition.
Step 5-Independence of liftings: Recall that in the process of lifting Wreg, we lift
each elementary pieces Wi to Wi and glue them together. For an isotopy, a disk-
stabilization or a disk-destabilization, we have a unique way to lift. For a band move
or a quasi-stabilization/destabilization, we have two ways to lift. Therefore it suffices
to check that for a band move or a quasi-stabilization/destabilization, the map on
unoriented link Floer homology we defined is independent of different liftings. By
the result in Proposition 6.1.16 and Proposition 6.1.17, we get a well-defined map
FWreg = FWreg .
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Step 6-Moves between regular forms: As one may perturb W to different regular
forms Wreg1 or Wreg2 (by an small ambient isotopy), we need to verify the map is
independent of the perturbations. By Theorem 7.1.4, we know that the two regular
forms Wreg1 and Wreg2 are connected by a sequence of moves. It suffices to check the
FWreg is invariant under the moves.
By definition, a move between regular forms can be realized as an ambient isotopy
gt of F , where gt is a path of diffeomorphism of Y × I. In [Zem16a], from a path of
Morse functions pi ◦ gt of Y × I, we get a sequence of moves between parametrized
Kirby decompositions. We have the following table comparing the moves between
regular forms and the moves between parametrized Kirby decompostion described
in [Zem16a].
Regular forms Parametrized Kirby decompositions
(M 1) Move(1)
(M 2) Move(7)
(M 3) Move(10)
(M 4) (M 5) Move(14)
(M 6) Move(11)
(M 7) (M 8) (M 9) Move(12)
(M 10)(M 11) Move(13)
If the surface F is orientable, the moves between regular forms can be described by
the moves in [Zem16a]. Hence we only need to verify (M 5) (M 7) (M 9) and (M
10) which can involve an unoriented band move.
For(M 4), it is easy to verify the invariance by constructing Heegaard diagrams
for the two cobordisms (both are composition of a disk-stabilization and a quasi-
stabilization, so the Heegaard diagrams can be very simple) and keep track of the
top grading generator. For (M 5), one can apply the bypass relation to prove the
invariance. We postpone the proof in the Section 7.1.4 The invariance under (M 9)
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can be directly varified by constructing certain Heegaard triples as in Section 6.1.3
or in [Zem16a]. For (M 7), we lift Wreg to bipartite disoriented link cobordisms (see
Figure 6.2 for an example) and apply the results in Lemma 6.1.2 (the commutation
between a α and a β-band move) and Lemma 6.1.7 (the commutation between two
β-band moves) to show the invariance. For (M 10), we lift the two disoriented link
cobordism to bipartite disoriented link cobordisms (see Figure 6.13 for an example)
and apply Proposition 6.1.15.
7.1.4 Bypass relation when A across a saddle point of surface
Bypass relation is an important relation in TQFT. In this section, we will disscuss this
relation on the disoriented link cobordism and use this relation prove the invariance
of map under (M 5).
Definition 7.1.5. We consider three disoriented link cobordisms Wi = (F ,Ai) sat-
isfying the following conditions:
• the cobordisms Wi, i = 1, 2, 3 have the same cobordism surface F ,
• the curves Ai on F are the same outside a fixed disk region D on F ,
• the local picture of the curves Ai ∩D are shown in Figure 7.5.
Then we say that the triad (W1,W2,W3) satisfy the bypass relation .
Invariance under move 5. In Figure 7.6, the two disoriented link cobordisms W1 and
W2 differ by a move 5. The two sequence of disoriented link cobordism cobordisms
Wi, Wi′ and Wi′′ are constructed by Move 3, Move 10, where i = 1, 2. Hence we have
FWi = FWi′′ .
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Figure 7.5: Bypass relation .
On the other hand, we proved a bypass relation in Proposition 6.2.2 (which is
shown in Figure 6.23), in which the saddle point of the surface F lies in the disk
region D. As our maps induced by disoriented link cobordisms are independent of
the liftings to bipartite disoriented link cobordisms, we know that:
FW1′′ + FW2′′ + FW3′′ = 0
Note that the disoriented link cobordism W3′′ contains a closed circle. By Proposition
5.2.4 the map FW3′′ should be zero map. Hence we get the desired equality:
FW1 = FW1′′ = FW2′′ = FW2 .
7.2 Absolute gradings
First, we recall the definition of (absolute) δ-gradings for oriented links ~L in S3
from [OSS15b] and [OSS15a].
Let Hw,z = (Σ,α,β,w, z) be a Heegaard diagram of an oriented pointed link
~L in S3. The associated Heegaard diagram Hz = (Σ,α,β, z), which obtained by
removing all w basepoints, is a Heegaard diagram of S3. The set of basepoints z
give rises to a relative grading grz on CF
−(Hz, J), where J is some almost complex
structure on Σ. We know that the homology H∗(CF−(Hz, J)) ∼= F2[U ] · [xtop] ∼=
HF−(S3, z) ∼= F2[U ](0), where and xtop ∈ Tα ∩Tβ is a top grading generator of CF−.
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Figure 7.6: Bypass relation and (M 5)
Then we obtain an absolute grading grz by claiming grz(xtop) = 0 and extending it to
CFL◦(Hw,z). The grading grz(x) is the Maslov grading M(x) (homological grading)
of CFL◦(Hw,z). On the other hand, we also have an Alexander grading A(x) on
CFL◦(Hw,z). The δ(x) is defined to be the difference δ(x) = M(x) − A(x). The
δ-graded unoriented link Floer homology HFL′(~L) is an invariant of the oriented link
~L.
We know that the δ grading depends on the orientation of the link. Let L be a
disoriented link, and H = (Σ,α,β,O) be a Heegaard diagram for L. Suppose that
~L = ~L1∪ ~L2 and ~L′ = ~L1∪−~L2 are two different liftings, or equivalently, we have two
different colorings of the basepoints set O. By the result in [OSS15b, Lemma 10.1.7],
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the difference
δH(~L)(x)− δH(~L′)(x) = lk(~L1, ~L2).
Here, H(~L) and H(~L′) are Heegaard diagram of ~L and ~L′ obtained from different
colorings the basepoints of H respectively.
In order to find a grading independent of liftings, we recall an oriented link in-
variant from [OSS15b, Chapter 2]. An orineted link ~L in S3 bounds a Seifert surface
Σ(~L). The Seifert surface determines a matrix called Seifert Matrix S. It turns out
the signature σ(~L) = | det(S + ST )| is independent of the choice of Seifert surfaces.
Hence it is an invariant of the oriented link ~L.
In [OSS15a], Ozsva´th, Szabo´, Stipsicz defined the following grading:
Definition 7.2.1. The normalized delta grading δ′ on the chain complex CFL◦(Hw,z),
or on HFL◦(~L) is defined to be:
δ′(x) = δ(x) +
σ(~L)− l + 1
2
.
Following the proof [OSS15a, Proposition 7.1], we know that the normalized delta
grading δ′ is well-defined on the chain complex CFL′(H) (independent of colorings
of basepoints). Therefore we conclude that:
Proposition 7.2.2. The (normalized delta) δ′-graded homology HFL′(L) is an in-
variant of the disoriented link L.
7.2.1 Link cobordism maps and normalized delta-grading shifts
In this subsection, we derive the grading change formula for each type of elementary
disoriented link cobordism.
Proposition 7.2.3. Suppose that a disoriented link L1 is obtained from a disoriented
L0 by a quasi-stabilization, which adds a new pair of p and q points in a component
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of L. Then, as a δ′-graded unoriented link Floer homology,
HFL′(L1) ∼= HFL′(L0)⊗ V,
where V is a two dimensional vector space F(0)⊕F(0). Consequently, a quasi-stabilization
or quasi-destablization shifts δ′-grading by 0.
Proof. We lift L0 and L1 to oriented links ~L0 and ~L1 , such that ~L0 and ~L1 has same
orientation on each component. We know that σ(~L0) = σ(~L1) and ~L0 and ~L1 have
same number of components. On the other hand, by [OSS15a, Theorem 2.7], we know
that as a δ-graded complex
HFL′(~L1) ∼= HFL′(~L0)⊗ V.
Combining these two results, we proved the proposition.
Let Um(L) denote the disjoint union of the disoriented link L with m-component
disoriented unlink with each link component having exactly one pair of p and q points.
Proposition 7.2.4. We have:
HFL′(Um(L)) ∼= HFL′(L)⊗W ′⊗m,
where W ′ is a two dimensional vector space F( 1
2
)⊕F(− 1
2
). Consequently, we know that
a disk-stabilization/destabilization shifts δ′-grading by +1
2
.
Proof. We lift Um(L) to an oriented link Um(~L), which is the disjoint union of ~L
with an m-component oriented unlink. As a δ-graded F[U ]-module, by [OSS15a,
Proposition 2.14], we know that,
HFL′(Um(~L)) ∼= HFL′(~L)⊗W⊗m,
where W is a two dimensional vector space F(0)⊕ F(−1). On the other hand we know
that σ(Um(~L)) = σ(~L) +m · 0 = σ(~L) and Um(~L) has m more components than ~L.
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We know that disk-stabilization map D+(x) = x×θ+, and D−(x×θ−) = x, where
the W ′ = span{θ+, θ−}. Hence both map D+ and D− shifts grading by +1
2
.
In order to get how band move shift δ′ grading, we introduce two definitions
from [OSS15a]:
• Let D be a diagram (regular planar projection) of an orineted link ~L. We define
the writhe wr(D) equal to # positive crosings of D−# negative crossings of D.
• Let B be an band move from disoriented link L0 to L1, and F be the surface in
S3 × I connecting L0 to L1. Notice that although F may not be orientable, we
can still construct a local orientation system. The normal Euler number e(B)
is defined to be the sum of all local self-intersection numbers of F . It is an
invariant of the band. If the surface F is orientable, then e(B) = 0.
Figure 7.7: A resolution of disoriented link
Proposition 7.2.5. Let B be a band move from disoriented L0 to L1. We can find
a projection of L0, such that band move is shown in Figure 7.7. Let the oriented link
~L0 be a lifting of L0, and ~L1 be a lifting of L1 with orientation induced from a local
orientation assigment near the crossing and the orientation of other components of
~L0. Then the band move map FB : HFL
′(L0)→ HFL′(L1) shift normalized δ′ grading
by:
δ′L1(FB(x))− δ′L0(x) =
1
4
(w0 − w1 − 1) + 1
2
(σ(~L0)− σ(~L1))
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Furthermore, if |L0| 6= |L1| or L0 and L1 are both disoriented knots, then
δ′L1(FB(x))− δ′L0(x) = −
1
2
+
1
4
e(B) +
1
2
(σ( ~L0)− σ(~L1))
The grading shift formula is independent of the curves on A on F , the choices of the
projection and the orientation of ~L0 and ~L1.
Proof. Note that, the grading shift formula for our band move maps agrees with
that in the unoriented skein relation [Man07]. Hence the grading shifts should be
independent of A. We know that the δ grading shift formula for unoriented skein
relation has already been established in [OSS15b, Theorem 10.2.4]. As the projection
of ~L0 and ~L1 shown in Figure 7.7 are exactly the projection L and L1 in [OSS15b,
Theorem 10.2.4]. The δ grading is shifted by:
l0 − l1
2
+
w0 − w1
2
− 1
4
.
Combing this with the definition of δ′ grading, we get the first formula.
The second formula follows from the relation between the writhe of links and
normal Euler number. Extending the results in [OSS15a, Lemma 4.3] to the case when
L0 and L1 are both disoriented knots or they have different numbers of components
(in this case, B is an oriented band move from ~L0 to ~L1 ), we have
e(B) = w0 − w1 + .
Here, wi is writhe of the diagram of ~Li and
 =

+1 if the band move eliminate a positive crossing
−1 if the band move eliminate a negative crossing
.
In our case, if B eliminate a negative crossing, then it does not change the number
of link components; if B eliminate a positive crossing, then it changes the number
of link components. When the number of components does not change (when both
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L0 and L1 are disoriented knots),  should take −1. If we substitute the difference
between writhe with Euler number, we will get the formula for the case |L0| and |L1|
are knots. If |L0| 6= |L1|, then e(B) = 0 and w0−w1 = −1 (for an oriented band move,
we do not change the type of other crossings). Taking these two results back to the
first formula, we get the δ′-grading shifts formula for the case when |L0| 6= |L1|.
Remark 7.2.6. Note that the second formula in Proposition 7.2.5 does not work for
unoriented band move for links in general. It is because the equality in [OSS15a,
Lemma 4.3] fails when the link has more than one components. See Figure 7.8 for an
example.
Figure 7.8: An example of unoriented band move: the writhe of the first diagram is
−3, the writhe of the second diagram is 2, the Euler number of the band e(B) is −2.
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